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My vast transcendence holds the cosmic whirl; 
I am hid in it as in the sea a pearl. 


Sri Aurobindo, The Indwelling Universal, Collected Poems. 
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Preface 


This book grew out of lectures given by the first author at Queen’s University 
during 2006 and lectures by the second author at the Chennai Mathematical 
Institute during 2008. These constitute the first 18 chapters of the book in- 
tended to be an introductory course aimed at senior undergraduates and first- 
year graduate students. The primary goal of these chapters is to give a quick 
introduction to some of the beautiful theorems about transcendental numbers. 
We begin with some earliest transcendence theorems and thereafter move to the 
Schneider—Lang theorem. This requires some rudimentary background knowl- 
edge in complex analysis, more precisely the connection between the growth of 
an analytic function and the distribution of its zeros. Since this constitutes an 
essential ingredient of many of the transcendence results, we discuss the relevant 
features in Chap. 5. We also require some familiarity with elementary algebraic 
number theory. But we have tried our best to recall the required notions as 
and when we require them. Having proved the Schneider-Lang theorem, we 
introduce some of the accessible and essential features of the theory of elliptic 
curves and elliptic functions so that the reader can appreciate the beauty of the 
primary applications. Thus Chaps. 1—18 essentially comprise the material for 
an introductory course. 

The second part of the book, namely Chaps. 19-28, are additional topics 
requiring more maturity. They grew out of seminar lectures given by both 
authors at Queen’s University and the Institute of Mathematical Sciences in 
Chennai, India. A major part of these chapters treats the theorem of Baker 
on linear independence of linear forms in logarithms of algebraic numbers. We 
present a proof of Baker’s theorem following the works of Bertrand and Masser. 
Thereafter, we briefly describe some of the applications of Baker’s theorem, for 
instance to the Gauss class number problem for imaginary quadratic fields. In 
Chap. 21, we discuss Schanuel’s conjecture which is one of the central conjectures 
in this subject. We devote this chapter to derive a number of consequences of 
this conjecture. 

From Chaps. 22 to 26, we concentrate on some recent applications of Baker’s 
theorem to the transcendence of special values of L-functions. These L-functions 
arise from various arithmetic and analytic contexts. To begin, we give a detailed 
treatment of the result of Baker, Birch and Wirsing. This is perhaps the first in- 
stance when transcendental techniques are employed to address the delicate issue 
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of non-vanishing of a Dirichlet series at special points. In Chap. 25, we specialise 
to questions of linear independence of special values of Dirichlet L-functions. In 
Chap. 26, we consider analogous questions for class group L-functions. 

In Chap. 27, we focus on applications of Schneider’s theorem and Nesterenko’s 
theorem to special values of modular forms. These modular forms are a rich 
source of transcendental functions and hence potential candidates to generate 
transcendental numbers (hopefully “new”). Of course, one can ask about the 
possibility of applying transcendence tools not just to modular forms but also 
to their L-functions. But this will force us to embark upon a different journey 
which we do not undertake here. 

Finally, the last chapter is intended to give the reader an introduction to the 
emerging theory of periods and multiple zeta values. This is not meant to be 
an exhaustive account, but rather an invitation to the reader to take up further 
study of these elusive objects. This chapter is essentially self-contained and can 
be read independent of the other chapters. 

To summarise, we hope that the first part of this book would be suitable for 
undergraduates and graduate students as well as non-experts to gain entry into 
the arcane topic of transcendental numbers. The last ten chapters would be 
of interest to the researchers keen in pursuing the interrelation between special 
values of Z-functions and transcendence. 

To facilitate practical mastery, we have included in each chapter basic exer- 
cises that would be helpful to the beginning student. 
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Notations and Basic 
Definitions 


We denote by N the set of non-negative integers, by Z the ring of rational 
integers and by Q,R, C the fields of rational numbers, real numbers and complex 
numbers, respectively. A number field K is a finite extension of Q contained in 
C. Q denotes the algebraic closure of Q in C. 

Given an integral domain R containing a field k, a collection of elements 
Q1,---,Q, in R is called algebraically dependent over k if there exists a non- 
zero polynomial P € k[x1,...,2,] such that P(ai,...,@n) = 0. Otherwise, the 
elements are called algebraically independent over k. The transcendence degree 
of a field F over & is the cardinality of a maximal algebraically independent 
subset of F over k. Since the transcendence degree over k or its any algebraic 
extension is the same, the notion of algebraic independence of complex numbers 
over Q or Q is the same. Thus we simply speak of algebraically independent or 
dependent complex numbers. 

We shall also be concerned with algebraic independence of functions. A 
meromorphic function on C is said to be transcendental if it is transcendental 
over the field of rational functions C(z). A collection of meromorphic functions 
fi,---,fn on C is said to be algebraically independent over C if for any non- 
zero polynomial P € C[21,...,2n], the function P(f1,..., fn) is not the zero 
function. Otherwise, the functions are called algebraically dependent. Thus a 
function f is transcendental if f and the identity function I(z) = z are alge- 
braically independent. Most of the time, we shall simply write functions to be 
algebraically independent, the implicit assumption being that the independence 
is over C. 

This notion can be extended to functions in several variables. A collection of 
entire functions f1,..., fn on C4 is said to be algebraically independent over C if 
for any non-zero polynomial P € C[x,,..., 2p], the function P(f1,..., fn) is not 
the zero function. Otherwise, the functions are called algebraically dependent. 

We write f(x) = O(g(x)) or equivalently f(x”) < g(x) when there exists a 
constant C' such that |f(a)| < Cg(«) for all values of x under consideration. 

Throughout for a 4 0, we define a® to be equal to e?!°8* where we in- 
terpret log @ as the principal value of the logarithm with argument in (—7, 7]. 
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However, we shall be frequently working with the set of logarithms of non-zero 
algebraic numbers and in this set we allow all possible values of log. This forms a 
Q-vector space. It is more convenient to realise this as being equal to the set 
exp~!(Q* ), where exp is the familiar exponential map. This description has an 
analogous manifestation in the elliptic set-up which we shall come across in the 
later chapters. 


Chapter 1 


Liouville’s Theorem 


A complex number a is said to be an algebraic number if there is a non-zero 
polynomial f(a) € Q[z] such that f(a) = 0. Given an algebraic number a, there 
exists a unique irreducible monic polynomial P(x) € Q[z] such that P(a) = 0. 
This is called the minimal polynomial of a. The set of all algebraic numbers 
denoted by Q is a subfield of the field of complex numbers. A complex number 
which is not algebraic is said to be transcendental. 

An algebraic number a is said to be an algebraic integer if it is a root of a 
monic polynomial in Z[z]. It is not difficult to see that the minimal polynomial 
of an algebraic integer has integer coefficients. 

An algebraic number a is said to be of degree n if its minimal polynomial 
P(a) has degree n. Equivalently, Q(a) is a finite extension of Q of degree n. 

In 1853, Liouville proved a fundamental theorem concerning approximations 
of algebraic numbers by rational numbers. This theorem enabled him to con- 
struct explicitly some transcendental numbers. 


Theorem 1.1 (Liouville) Given a real algebraic number a of degree n > 1, 
there is a positive constant c = c(a) such that for all rational numbers p/q with 
(p,q) =1, > 0, we have 


Proof. Let P(x) be the minimal polynomial of a. By clearing the denominators 
of the coefficients of P(x), we can get a polynomial of degree n with integer 
coefficients which is irreducible in Z[z] and has positive leading term. Let 


f(@) = an2” + ape") +--+ +012 + a9 € Zl] 
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2 Liouville’s Theorem 


be this polynomial. We sometimes refer this as the minimal polynomial of @ 
over Z. Then 


Anp” + On—1p" 'g +--+ +a0q” 2 
ae ~ ge 


|f(@) — f(p/a)| = |f(p/a)| = 


If a = a4,..., Qn are the roots of f, let M be the maximum of the values |a;|. 
If |p/q| is greater than 2M, then 


M 
2 et ee 
q q” 
If |p/q| < 2M, then 
ay — 2 < 3M 
q 


so that 
1 1 


. | > 7 > a 
q lan|q” ITj=2 la; —p/g| ~ |an|(3M)"—"q" 


a 


Thus choosing 


cla) = min (a, ae! 


we have the theorem. 


Note that the constant c(a) can be explicitly computed once the roots of 
the minimal polynomial of a are given to us. Also it is not difficult to ex- 
tend this theorem to complex algebraic numbers of degree n. A multivariable 
generalisation of this idea is suggested in Exercise 2. 

Using this theorem, Liouville proved that the number 


| 
rz 


is transcendental. Indeed, suppose not and call the sum a. Consider the partial 
sums 
k 


Tk n=0 
Then it is easily seen that 


Cc 


Pk 
< 1Q(k+1)! 


qk 


a 


for some constant c > 0. If @ were algebraic of degree m say, then by Liou- 
ville’s theorem, the left-hand side would be greater than c(a)/10"'”" and for k 
sufficiently large, this is a contradiction. 


Liouville’s Theorem 3 


Numbers of the above type are examples of what are called Liouville numbers. 
More precisely, a real number is called a Liouville number if for any non- 
negative real number v, the inequality 


1 


0< e-2 < 
q q 


has infinitely many solutions p/q € Q. 

In 1909, Axel Thue improved Liouville’s inequality for algebraic numbers 
having degree at least 3. More precisely, he proved that if a is algebraic of 
degree n > 2, then for any € > 0, there exists a positive constant c = c(a,€) 
such that for all rational numbers p/q with g > 0 and (p,q) = 1, we have 


Cc 
qr/2tlte : 


a | > 


Such a theorem has immediate Diophantine applications. To see this, let f(x, y) 
be an irreducible binary form of degree n > 3 with integer coefficients. Then 
Thue’s theorem implies that the equation 


f(x,y) =M 


for any fixed non-zero integer M has only finitely many integer solutions. Indeed, 


we may write 
n 


f(x,y) = an] [(e-aiy) =M 
i=l 
so that each a; is an algebraic number of degree > 2. Suppose that there are 
infinitely many solutions (am, Ym). Without loss of generality, we may suppose 
that for infinitely many m, we have 


Im 


Ym 


wim 
Ym 


ai} < Qj 


Further by the triangle inequality, 


1 1 
=m ai) 2 ( i| + ai ail) > Slo — aul fore = 2,2 23.5% 
Ym 2 Ym Ym 2 
Thus 
x x x 
|M| = |f(@m,¥m)| = lan||Yml | — 1 |, Syl | = en « 
Ym Ym im 
By Thue’s theorem, we obtain 
|| 1 


[yl > [mal /2+EFE 


which is a contradiction for |y,,| sufficiently large. 


4 Liouville’s Theorem 


Thue’s theorem was subsequently improved, first by Siegel to an exponent 
2,/n+e and then by Dyson and Gelfond independently to an exponent /2n-+e. 
Finally, Roth in 1955 proved that if a is algebraic of degree > 1, then for any 
€ > 0, there is a constant c(a,¢) > 0 such that for all rational numbers p/q with 
q > 0 and (p,q) = 1, we have 


In view of the classical theory of continued fractions, this result is essentially 
best possible. 

We end with the following theorem about algebraic independence of certain 
Liouville numbers proved by Adams [1]. The proof involves a clever modification 
of Liouville’s original idea. 

Recall that complex numbers a1,...,Q@, are algebraically dependent if there 
exists a non-zero polynomial P(#1,...,2,) in n variables with rational coeffi- 
cients such that P(a1,...,Q@,) = 0. Otherwise, they are called algebraically 
independent. We have the following theorem: 


Theorem 1.2 (Adams) Let p and q be two relatively prime natural numbers 
greater than 1. Then the two Liouville numbers 


—ael “1 
a= Siar and B= 
n=1 P n=1 s 
are algebraically independent. 


Proof. Assume the contrary and let f(x,y) be a non-zero polynomial with 
integer coefficients such that f(a, ) = 0. Suppose that p > gq. We consider the 
following sequences of rational numbers 


N 


We first note that there are infinitely many N such that f(Rnv, Sn) 4 0. If not, 
then for all N sufficiently large, we have 


N N 
f (aA =0. (1.1) 


Further, 
1 TN 2 1 SN 2 
pti S a = <p od Ca * 5 * quvtil (1.2) 


The polynomial f(x,y) can be expressed as 


f(a,y) = >_> Cr (w@- 0) Y- 8) 
I 
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where J = (i, 7) runs over all pairs of non-negative integers and C;’s are real 
numbers which are zero for all but finitely many I’s. Each such pair I gives 
a distinct integer dy := p'q?. Among all the pairs I for which C; 4 0, let 
Ip = (to, jo) be such that dz, is minimal. Then by (1.1) and (1.2), for all 
large N, 


dy, \(Nt! 
D 0) 
0<|Cr,| < > |Cr| 2 (3) 

iin 


where D is the total degree of the polynomial f(x,y). Since dy, < dr, by 
choosing N large enough, we arrive at a contradiction. Thus f(Ry, Sw) # 0 for 
infinitely many N. For each such N, we have by Exercise 2 


c 
l(a, 8) — (Rn, Sn)| = pNID" 
Here |.| is the standard Euclidean norm on R?. On the other hand, (1.2) gives 


Ci 
\(a,.8) — (Rw. Sw) S a 


As N -— ov, this contradicts the lower bound above. 


Evidently, instead of taking two coprime numbers, we can generalise the 
above theorem by considering finitely many multiplicatively independent inte- 
gers (see Theorem 2 of [1]). 


Exercises 
1. Show that Liouville’s theorem holds for complex algebraic numbers of 
degree n > 2. 
2. Let f € Z[r1,..., 2] be a non-zero polynomial with degree d; in variable 


z;. Suppose that f(@) = 0 for some @ € R”. Then show that there 
exists a constant c > 0 depending on @ and f such that for any 6 = 
(a1/b1,..-,@n/bn) € Q”, either 


or 


Here |.| is the standard Euclidean norm on R”. 
3. Show that the set of algebraic numbers is countable. 
4. Show that tyes is an algebraic integer. 


5. Find the minimal polynomial of /2 + V3 over Q. 


Liouville’s Theorem 


. Show that the number 
ol 
DoF 
n=0 2” 
is irrational. 
. Show that there are uncountably many Liouville numbers. 


. Show that the reciprocal of a Liouville number is again a Liouville number. 


. Show that every real number is expressible as a sum of two Liouville 
numbers. 


Chapter 2 


Hermite’s Theorem 


We will begin with the proof that e is transcendental, a result first proved by 
Charles Hermite in 1873. 


Theorem 2.1 e is transcendental. 


Proof. We make the observation that for a polynomial f and a complex num- 
ber t, 


t t 
f cettae =e" pal + fees itu 
0 0 
which is easily seen on integrating by parts. Here the integral is taken over the 


line joining 0 and t. If we let 


I(t, f) =f e'—“ f(u)du, 


then we see that 
I(t, f) =e f0)- fO +1, f’). 
If f is a polynomial of degree m, then iterating this relation gives 
T(t, f) =e S71 F%O)— D7 FO). (2.1) 
j=0 j=0 


If F is the polynomial obtained from f by replacing each coefficient of f by its 
absolute value, then it is easy to see from the definition of I(t, f) that 


Z(t, f)| < ele! F(t). (2.2) 
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8 Hermite’s Theorem 


With these observations, we are now ready to prove the theorem. Suppose e is 
algebraic of degree n. Then 


Gp dg qe eee et a —0 (2.3) 
for some integers a; and aga, 4 0. We will consider the combination 
n 
FH > ogl(h,F) 
k=0 


with 
f(x) =a?" (a4 —1)?--- (a —n)P 


where p > |ao| is a large prime. Using (2.3), we see that 
12D af 
j=0 k=0 


where m = (n+ 1)p— 1. Since f has a zero of order p at 1,2,..., and a zero 
of order p — 1 at 0, we have that the summation actually starts from j = p—1. 
For j = p—1, the contribution from f is 


f°-Y 0) = (p— I)(-1)"P al. 
Thus if n < p, then f@~1(0) is divisible by (p — 1)! but not by p. If j > p, 


we see that f(0) and f%(k) are divisible by p! for 1 < k <n. Hence J isa 
non-zero integer divisible by (p — 1)! and consequently 


(p— 1)! < |J|. 
On the other hand, our estimate (2.2) shows that 
[J] < So lagle*F(k)k < Ane” (2n)!? 
k=0 


where A is the maximum of the absolute values of the a,’s. The elementary 
observation 


gives 
pP-te-P < (p—1)! < |J| < Ane” (2n)!?. 


For p sufficiently large, this is a contradiction. 
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Exercises 


1. Show that for any polynomial f, we have 
i) f(x) sinadx = f(r) + f(0) -| f(a) sin edz. 
0 0 


2. Utilise the identity in the previous exercise to show 7 is irrational as 
follows. Suppose 7 = a/b with a,b coprime integers. Let 


x" (a — ba)” 
n! ; 
Prove that " 
| f(x) sine dx 
0 
is a non-zero integer and derive a contradiction from this. 


3. Use Euler’s identity 


Eiet 
5= 
= 0 6 


to prove that there are infinitely many primes. 
4. Use the series °°, 1/n! to show that e is irrational. 
5. Show that e is not algebraic of degree 2 by considering the relation 
Ae+ Be!+C=0, A,B,C eZ, 


and using the infinite series for e and e~! and arguing as in the previous 
exercise. 


6. Prove that e¥? is irrational (Hint: Consider the series expansion for a = 
eV? + e- V2), 


Chapter 3 


Lindemann’s Theorem 


We will now prove that a is transcendental. This was first proved by 
F. Lindemann in 1882 by modifying Hermite’s methods. The proof proceeds 
by contradiction. Before we begin the proof, we recall two facts from algebraic 
number theory. The first is that if @ is an algebraic number with minimal 
polynomial over Z given by 


Ant" + Ania"! +++ + a,x +49, 
then a,q@ is an algebraic integer. Indeed, if we multiply the polynomial by a?~1, 
we see that 
(ana)” + dn—1(ana)” | +--+ + aga + =0 


thereby showing that a,,q@ satisfies a monic polynomial equation with integer 
coefficients. The other roots of the minimal polynomial of a are called the 
conjugates of a. Sometimes we write these conjugates as 


a a), ...,a™ 


with a“) = a. The second fact which we require is from Galois theory and the 
symmetric polynomial theorem. More precisely, let f(a71,...,2%n) be a symmet- 
ric polynomial in Q[x,,..., 2p], that is, 


FT Bigstes ty) = fF atin eae) 


for any element o of the symmetric group S,. If @ is an algebraic number of 
degree n with conjugates a = aj,..., Qn, then f(a1,...,@) € Q. Furthermore, 
if w is an algebraic integer and f has integer coefficients, then f(a1,...,@n) is 
necessarily an integer (see Exercise 1). With these remarks, we can proceed to 
the proof that 7 is transcendental. 


M.R. Murty and P. Rath, Transcendental Numbers, DOI 10.1007/978-1-4939-0832-5_3, 11 
© Springer Science+Business Media New York 2014 


12 Lindemann’s Theorem 


Theorem 3.1 (Lindemann, 1882 [80]) 7 is transcendental. 


Proof. Suppose not. Then a = iz is also algebraic. Let a have degree d and 
let @ = ay1,...,@q be the conjugates. Let N be the leading coefficient of the 
minimal polynomial of a over Z. By our remarks before, Na is an algebraic 
integer. Since 


e’™ — —1, 


we have 
(1+ e%)(1 + e%)---(1+e%) =0. 


The product can be written out as a sum of 2¢ terms of the form e? where 
0=€,0,+---+€gag, € =O0,1. 


Suppose that exactly n of these numbers are non-zero and denote them by 
fy,.--,8n. Note that these numbers constitute all the roots of a polynomial 
with integer coefficients. To see this, it suffices to observe that the polynomial 


1 1 


II vee ]] (@ - (rar +--+ + eae) 


is symmetric in a,...,@q and hence lies in Q|z]. The roots of this polynomial 
are 61,...,8n and 0 which has multiplicity a = 2¢—n. Dividing by x* and 
clearing the denominator, we get a polynomial in Z[a2] with roots 61,..., Bn. 
Now 


(1+ e%)(1 + e%)---(1+e%) =0 


which implies 
(24 -—n)+e% +...4 5 =0. 


With I(t, f) as in the previous chapter, we consider the combination 


K:= I(G1, f) ete Tas S| 


where 
f(x) = N"PaP"" (ae — Bi)? --- (a — Bn)? 


and p denotes again a large prime. Thus, 


K =-(2%—n) SFO) -— DOD £9 (Gx) 


j=0 j=0 k=1 


where m = (n+ 1)p—1. The sum over & is a symmetric function in 
N£i,...,NBn. Noting that N6,,...,N, are all the roots of a monic polyno- 
mial over the integers, we conclude that the summation is a rational integer. 
Moreover, the derivatives f)(,) vanish for 7 < p and the summation for fixed 
j > pis divisible by p!. Also for p sufficiently large, 


f"-Y(0) = (p—1)!(—N)"?(B1--+ Bn)? 
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is not divisible by p. In addition, f%(0) is divisible by p! for 7 > p. As in the 
previous chapter, let F’ be the polynomial obtained from f by replacing each 
coefficient of f by its absolute value. Proceeding as before, we find that 


|K| < 5° |Belel*!F(|Bx|) < AC? 


k=1 


for some constants A and C. On the other hand, K is a non-zero rational 
integer divisible by (p—1)! and hence must be at least as large in absolute value. 
Comparing the growth as p tends to infinity gives us the desired contradiction. 


Exercises 
1. Let a be an algebraic integer of degree n with conjugates a = a1,...,Qn. 
Suppose for k > 0, 
F = F(a,...,Uk3Q1,---,Qn) € Z[ai,...,UR3Q1,---, An}. 
Further suppose that F’ is a symmetric function in Qj,...,@, with coefhi- 
cients in the ring Z[x,,..., 2%]. Then show that F € Z[r,...,2,%] when 


k>Oand F €Z whenk =0. 


2. A real number a is said to be constructible if, by means of a straightedge, a 
compass, and a line segment of length 1, we can construct a line segment of 
length |a| in a finite number of steps. Show that if a, 3 are constructible, 
then so are a+, a—G, a8 and a/G for 6 4 0. Thus the set of constructible 
numbers forms a subfield of the reals. 


3. Show that if a is constructible, so is Jf Ja]. [Hint: consider the circle 
of diameter |a| + 1 with center ($(1 + |a|),0) in R? and consider the 
intersection of the perpendicular drawn at (1,0) and the circle.] 


4. Let F be any subfield of the reals. Call F x F the plane of F and any line 
joining two points in the plane of F' a line in F. A circle whose center is 
in the plane of F and whose radius is in F' will be called a circle in F. 
Show that a line F’ is defined by the equation 


ax+by+c=0, a,b,cEF 
and a circle in F is defined by the equation 


et+y*tar+by+c=0, a,b,ceF. 


5. From the previous exercise deduce that any constructible number must 
necessarily be an algebraic number. Deduce using Lindemann’s theorem 
that ./7 is not constructible. Hence, it is impossible to construct using a 
straightedge and compass a square whose area is equal to 7. 
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. Show that cos(7/9) is algebraic of degree 3 over the rationals. 


. Using Exercise 4, show that a constructible number must necessarily have 


degree a power of 2 over the rationals. Conclude that 7/3 cannot be 
trisected using straightedge and compass. 


. Show that if a is constructible, then it lies in a subfield of R obtained from 


Q by a finite sequence of quadratic extensions. 


. Let p be a prime number. Show that if a regular p-gon can be constructed 


using straightedge and compass, then p — 1 = 2” for some r. [The con- 
verse is also true but more difficult to prove and is a celebrated “teenage” 
theorem of Gauss.| 


Chapter 4 


The 
Lindemann—Weierstrass 
Theorem 


In 1882, Lindemann wrote a paper in which he sketched a general result, special 
cases of which imply the transcendence of e and 7. This general result was later 
proved rigorously by K. Weierstrass in 1885. Before we begin, we make some 
remarks pertaining to algebraic number theory. Let K be an algebraic number 
field. The collection of algebraic integers in K forms a ring, denoted Ox, and 
is called the ring of integers of kK. The theorem of the primitive element shows 
there exists a @ such that K = Q(6). If 0,...,0 are all the conjugates of 
9, then one speaks of the conjugate fields KM := Q(0). This gives rise to an 
isomorphism o; of fields K ~ K given by the map o;(0) = 0, which is then 
extended to all of K in the obvious way. 


Theorem 4.1 (Lindemann—Weierstrass, 1885) If a1,...,@s5 are distinct alge- 
braic numbers, then e™,...,e°° are linearly independent over Q. 


Proof. Suppose that we have 
dye“ +---+d,e%* =0 (4.1) 


for some algebraic numbers d),...,d, not all zero. By multiplying an appropri- 
ate rational integer, we may assume that d,,...,d, are algebraic integers. Fur- 
ther, multiplying the above equation with equations of the form ae on(d;)e% 
for all the embeddings o, of the field Q(d,,...,d,), we may assume a relation 
of the form 

aye? +---+a,e™" =0 (4.2) 
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where a,;’s are rational integers and ¥;’s are distinct algebraic numbers. We 
may further assume that each conjugate of 7; is also included in the above 
list of algebraic integers. Now if we let K to be the algebraic number field 
generated by 71,.--,Yn and all their conjugates, then it is natural to consider 
the “conjugate” functions for real variable t, 
(i) 4 (4) 
Aj(t) := aye "+---+ane™ 

Since the y, are distinct, these functions are not identically zero (see Exercise 1). 
If we let 


t)= [[4 = be" ae byeO™t, 


where the product is over all the conjugate functions, then it is clear that the 
Taylor coefficients of B(t) are symmetric functions in all of the conjugates and 
so are rational numbers by our earlier remarks. Moreover, the b; are rational 
integers not all equal to zero. Let N be an integer so that N,,...,N Gy, are 
algebraic integers. We now proceed as in the earlier chapters. Consider the 
combination 


M 
= S- bel (Br, tr) 
k=1 
where 


fr(z) — 


for 1 <r< M. It is clear that f(x) = f(x) +---+ fiz(a) is invariant under 
Galois action and hence has rational integer coefficients. Now using (2.1), we 
see that since B(1) = 0, we have 


M m 

== 050, 
k=1  j=0 

where m is the degree of f,. Arguing as in the earlier chapters, we note that 

the product J, ---Jyy is a Galois invariant algebraic integer, hence an integer. 

Further, it is divisible by (p — 1)!, but not by p for suitably chosen large p. In 

the other direction, since each |J,| < (c-)? for suitable c,, we have 


(p—1)1< CG? 


for some constant C. This gives a contradiction for large enough p which com- 
pletes the proof. 


The Lindemann—Weierstrass theorem generalises both the Hermite and Lin- 
demann’s theorems. Indeed, choosing a; = 0 and az = 1, we retrieve Hermite’s 
theorem that e is transcendental. Choosing a; = 0 and a2 = iz, we deduce 
Lindemann’s theorem. We also have the following corollaries. 
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Corollary 4.2 Ifa #0 is algebraic, then e* is transcendental. 


Proof. Take a; = 0 and ag =a in Theorem 4.1. 


Corollary 4.3 If a4 0,1 is algebraic, then loga is transcendental. 


Proof. This is immediate from the previous corollary. 


Recall that a collection of n complex numbers /31,...,8n is algebraically 
independent if there is no non-zero polynomial P(#1,...,2@n) € Zlx1,...,2n| 
such that 

P(61,...,Bn) = 9. 
We can deduce from Theorem 4.1 the following assertion. 
Theorem 4.4 Ifai,...,Q@, are algebraic numbers that are linearly independent 
over Q, then 
em... 6°" 


are algebraically independent. 


Proof. Suppose that 


Ota 


are algebraically dependent. Then we have 


ogee = 0, 


U1 y+eeytn 


for certain integers aj,,...,i equal to zero. By Theorem 4.1, 


the numbers 


with not all a;,....; 


n n 


4101 +--+ +%nQn 


cannot all be distinct. Thus a,,...,@, are linearly dependent over Q. 


S. Schanuel has conjectured that if a,,...,@, are complex numbers that are 
linearly independent over Q, then the transcendence degree of the field 


Q(ai,.. -,An, es a ye") 


over Q is at least n. One consequence of this conjecture is that e and 7 are alge- 
braically independent. To see this, consider the field generated by 1, 27i, e, e?"° 
over the rationals. Schanuel’s conjecture predicts that the transcendence degree 
of this field is at least 2, which means that e and 7 are algebraically independent. 

Schanuel’s conjecture is one of the central conjectures in the theory of tran- 
scendental numbers. We will discuss this conjecture and its many implications 
in a later chapter. 
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Exercises 


. If ay,...,Q@, are distinct complex numbers, show that the function 


aye™* + +++ + ane" 


is not identically zero whenever the a,’s are not all zero. 


. Show that for any non-zero algebraic number, sina, cosa, tana are tran- 


scendental numbers. Show the same is true for the hyperbolic functions, 
sinha, cosha and tanha. 


. Show that arcsina is transcendental for any non-zero algebraic number a. 


. If co, c1,... is a periodic sequence of algebraic numbers not all zero, then 


show that the series 
[oe) n 
Zz 
> Cn 
n! 
n=0 


is transcendental for any non-zero algebraic value of z. 


. Show that at least one of 7+ e , 7 is transcendental. 


Chapter 5 


The Maximum Modulus 
Principle and Its 
Applications 


The maximum modulus principle constitutes an essential tool in transcendence 
theory. Let us begin with a proof of this fundamental result. We fix the con- 
vention that a function is analytic in a closed set C' if it is analytic in an open 
set containing C. A region is an open connected set. We consider the follow- 
ing version of the maximum modulus principle. The statement is not the most 
general, but suffices for our applications. 


Theorem 5.1 (The Maximum Modulus Principle) If f is a non-constant ana- 
lytic function in a region R, then the function |f| does not attain its maximum 
in R. In other words if for some zo € R, |f(z)| < |f(zo)| for all points z € R, 
then f is constant. 


Proof. We give two proofs of the theorem. For the first proof we use the fact 
that a non-constant analytic map in a region is an open map. Let |f(zo)| = M. 
Since |f(z)| < |f(<zo)| for all points z € R, the image set f(R) is contained in 
the closed disc {z : |z| < M4} and intersects the boundary. Hence f(R) is not 
open, a contradiction. 

For the second proof, for the point zp in R, consider the Taylor expansion of 
f about Zo: 


Co 
f(zot+ re’’) — sz anrre”?. 
n=0 
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Parseval’s formula (or just by noting that term by term integration is allowed 
as the series converges normally for a fixed r) yields that 
1 20 


on Jy | f(z0 + rei®)|* do = dX lagen 


Thus if zo is a point where the maximum is attained, we have |ap| = M and 


M? = |ao|? < |ao|? + ai |?r? +--+ < |f(z0)|? = M? 


so that we are forced to have aj = ag = --- = 0 and f is constant. 


We shall apply the maximum modulus principle mostly to the following 
special case: if f is continuous in the closed disc {z : |z| < R} and analytic in 
the interior, then the maximum of |f| in the closed disc is necessarily attained 
on the boundary. The principle can be used to prove the fundamental theorem 
of algebra. 


Corollary 5.2 (The Fundamental Theorem of Algebra) [fn > 1 and 
f(z) = Ganz" + An—12"—) +++ +412 +49 


is a polynomial with complex coefficients and a, # 0, then f has precisely n 
roots over the complex numbers. 


Proof. It suffices to show that f has at least one root for then, we can apply the 
division algorithm to reduce the degree of f and apply induction. If f(z) 4 0 
for every complex value of z, then 1/f is entire. We will apply the maximum 
modulus principle to 1/f. Clearly 1/f(z) tends to zero as |z| tends to infinity. 
Thus for any given a, there exists an R such that 


1 2 1 
If) IFle)| 
for |z| > R. But we can choose R sufficiently large so as to ensure that |a| < R. 
This violates the maximum modulus principle applied to the non-constant func- 
tion 1/f. Thus f has a root in C. 


The following two corollaries suggest that the inequality in the maximum mod- 
ulus principle can be improved if we have knowledge of zeros of the function 
lying inside a disc of radius R. 


Corollary 5.3 (Schwarz’s Lemma) Suppose that f is analytic in the closed disc 
{z:|z| < R} and f(0) =0. Then in this disc, 


If(2)| S [flr (z|/R), 


where |f|p is maximum of |f| on the circle {z : |z| = R} of radius R. 
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Proof. The function g(z) = f(z)/z initially defined for 0 < |z| < R can be 
analytically extended to |z| < R. Applying the maximum modulus principle to 


g gives the result immediately. 


Corollary 5.4 (Jensen’s Inequality) Let f be analytic in {z : |z| < R} and 


f(0) #0. If the zeros of f in the open disc are 21, 22,.. 


being repeated according to multiplicity, then 
|f(0)| < |fla(le1---2n//R%). 
Proof. It is easily seen (see Exercise 1 below) that 


R? — 2m, 


R(z — Zn) 


has absolute value 1 for |z| = R. Thus, the function 


for |z| = R. The maximum modulus principle implies 


lg(z)| < |flr- 


Putting z = 0 gives the result. 


.,2nN, with each zero 


Corollary 5.5 Let f be as in the previous corollary. Let for positive r, v(r) = 
v(f,r) denote the number of zeros of f in the open disc {z : |z| < r} counted 


according to multiplicity. Then, 


R 
i Mo) ae < log |flz — 10g |f(0)}. 


x 


Proof. Since 


RY S. [® de R (2) 
l a —— — gd 
og lz1--- ZN oy sf | - Ly, 


n=1 


the result is immediate from the previous corollary. 


One of the main consequences of these results is a relationship between the 
number of zeros in a disc and the rate of growth of the function. We say that an 
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entire function f is of strict order < p for a positive real p if there is a constant 
C > 0 such that for any positive R, 


lf(z)| < C®” whenever |z| < R. 


If f is as above, then the greatest lower bound of all p for which the above 
condition holds is called the order of f. 


Coro 


lary 5.6 If f 1s a non-zero analytic function of strict order < p, then the 


number of zeros of f inside the disc of radius R > 1 is bounded by AR? where 
A is a constant that depends on f and not on R. 


Proo 


f. Suppose that f has a zero of order n at z = 0. Then, g(z) = f(z)/z” is 


analytic at z = 0 and g(0) 4 0. Applying the previous corollary, we see that 


Thus, 


from which the result easily follows. 


v(g, R) log 2 < log |gl2r — log |g(0)|. 


v(g, R) log2 + nlog R < log |fl2r — log |g(0)| 


Exercises 


. Show that for |w| < R, the quotient 


R?- zw 
R(z—w) 


has absolute value 1 for |z| = R. 


. Let f be a function analytic in |z| < R and non-vanishing there. Show that 


the minimum modulus of f, minj,)<r|f(z)| is attained on the boundary. 


. Let f be analytic in |z| < R with R > 0. Show that 


|f™0)| < n![fla/R”. 


. Deduce from the previous exercise that a bounded entire function is con- 


stant. (This is a famous theorem of Liouville.) 


. Deduce the fundamental theorem of algebra from Liouville’s theorem. 


. Suppose f is analytic in |z| < 1 with |f(z)| < 1 and f(0) =0. Then show 


that |f’(0)| < 1 with equality if and only if f(z) = cz where |c| = 1. 


. If f and g are entire functions of order p; and pe respectively, show that 


the function fg is of order p with p < max(p1, p2). Further, if p; 4 po, 
then show that fg has order equal to max(p1, (2). 


. Let f and g be as in the previous exercise. What can you conclude about 


the order of f + g? 


Chapter 6 


Siegel’s Lemma 


The following lemma is a fundamental tool in transcendental number theory. 


Lemma 6.1 (Siegel) Let a;; be integers of absolute value at most A for 1 < 
i<ri<j<n. Consider the homogeneous system of r equations 


n 

Ss" aiyjay= 0, 1l<i<r 

j=l 
inn unknowns. Ifn > r, there is a non-trivial integral solution satisfying 

Iz) <B 
where 
B = 2(2nA)7=. 

Proof. Let C = (a;;) be the matrix associated with the system of equations. 
Then C maps R” into R”. Moreover, it maps Z” into Z”. Let H > 1 bea 


real number and Z”(#H) be the set of vectors in R” with integral co-ordinates 
of absolute value at most H. Then clearly C maps Z”(H) into Z"(nAH). If 


(2nAH +1)" < (2H)”, 
then the map cannot be injective. In particular if 


(2H)"/" > (2H)(2nA) > 2nAH +1, 
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then there will be at least two distinct vectors mapping to the same point. 
The difference of these two vectors gives a solution to the homogeneous system 
satisfying 

|x| < 2H. 


Choosing H = (2nA)*= gives the result. 


We will need a generalisation of this lemma to number fields. To this end, we 
review some basic algebraic number theory. Let K be a number field. If a € kK 
is an algebraic number, then consider the set of all integers m such that ma is 
an algebraic integer. The set of such integers contains a non-zero integer by our 
earlier remarks (see Chap. 3). Moreover, it is an ideal of Z and hence principal. 
The positive generator of this ideal will be called the denominator of a and 
denoted d(a). We say d is the denominator of the algebraic numbers a1,..., Qn 
if d is the least common multiple of the numbers d(a1),...,d(@,,). We will also 
define the height of a, denoted H(a), to be the maximum absolute value of all 
its conjugates. 

The second fact we need is that the ring of integers Ox of a number field K of 
degree t has an integral basis. That is, there are algebraic integers w1,...,W, € 
Ox such that every element of Ox can be written as 


ayWwy +++: + ature 


with a; € Z. Let o1,...,04 be the embeddings of K in C and for any w € Kk, 
w) = ¢;(w) denote its j-th conjugate. The t x t matrix whose (i, j)-th entry is 


wi ) ig easily verified to be invertible. 


Lemma 6.2 Let aij € Ox be algebraic integers of height at most A for 1 < 
i<r,l<j<n. Consider the homogeneous system of r equations 


n 
Sage = l<i<r 
j=l 


inn unknowns. Ifn > r, there is a non-trivial Ox -integral solution satisfying 


where 


B=C(CnA)*==. 


Here C is an absolute constant that depends only on K. 


Proof. Let t be the degree of the number field kK. We write each of the numbers 
a4; in terms of an integral basis: 


t 


a= s QijgkWe, Gijr © Z. 
k=1 
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From these equations, we also see that by inverting the t x ¢t matrix 
(é) 
(wh ); 
we can solve for the aij. Thus we see that 
laijk| < CoA 


where Cg is a constant depending only on K (more precisely, on the integral 
basis w;’s and the degree t). We write each x; as 


rj = 5 Yjewe 
£ 


so that the system becomes 


n 


t t 
y y AijgkyjewRwe = 0 


j=l k=1 €=1 


with y;e to be solved in Z. We can write 


Wee = 3 CkemWm, Chem € Z. 


Thus we have, 
t n t 
ys S- We QigkYjleCkemWm = 0. 


Since the w,,’s are linearly independent over Q, the original system is now 
equivalent to a new system of equations with ordinary integer coefficients in the 
unknowns y;e. More precisely, we get the following homogeneous system of rt 
equations 


n t t 
S75 YS. aijncnemyse = 0, Ll<i<r, l<m<t 


j=l l=1k=1 


in the nt unknowns yj. We can now apply the previous lemma and obtain the 
desired result by suitably choosing C which depends only on Kk. 


We will need one more variation of the previous lemma that will allow the 
coefficients to be algebraic numbers instead of algebraic integers. 


Lemma 6.3 Let aj; € K be algebraic numbers of height at most A for 1 <i< 
r,1<j<n. Consider the homogeneous system of r equations 


n 
S aijaj = 0, 1l<i<r 
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inn unknowns. Let d; be the denominator for the coefficients of the i-th equation 
and let d be the maximum of the d;’s. Ifn > r, there exists a non-trivial Ox - 
integral solution satisfying 


where 


B = C(CndA)= 
with C an absolute constant depending only on K. 


Proof. We simply multiply the 7-th equation by d; and then apply the previous 
lemma. 


Exercises 


1. Let & be an algebraic number field and wy,...,w, an integral basis for 
the ring of integers Ox. Show that the matrix (w{) is invertible. 


2. Let @ be an algebraic integer such that the height of a is equal to one. 
Show that a is a root of unity. 


3. A real algebraic integer a > 1 is called a Pisot-Vijayaraghavan number 
(or a PV number) if all its other conjugates have absolute value strictly 
less than one. Show that there are infinitely many PV numbers. 

(Hint: Try using Rouché’s theorem in complex analysis.) 


4. For any real x, let ||x|| denote its distance from the nearest integer. Show 
that if a is a PV number, then the sequence ||@”|| tends to zero as n tends 
to infinity. (It is a longstanding conjecture that the converse is also true, 
that is, ||a@”|| + 0 for any real a > 1 implies that a is a PV number. This 
is known to be true if a is assumed to be algebraic.) 


5. Prove the following sharpening of Siegel’s lemma: let a;; € Z be integers 
satisfying 


n 
dolasl <A, lsisr. 
j=l 


Consider the homogeneous system of r equations 
n 
S > aij; = 0, l<i<r 
j=l 


in n unknowns. If n > r, there is a non-trivial integer solution satisfying 
|zi| < B, 


where 
B=(A,---A,)/(-”), 


Chapter 7 


The Six Exponentials 
Theorem 


In this chapter and subsequent chapters, we will use Siegel’s lemma and the 
maximum modulus principle to prove transcendence results. We shall begin 
with the six exponentials theorem. The proof of this theorem involves the 
notion of norm of an algebraic number which we recall. Let K be a number 
field and & be the set of embeddings of kK into C. Then for any a € Kk, we 
define the relative norm Nx /9(@) of a to be 


Nx/o(@) = [I (a). 


ced 
We refer N(a) = Nqa)/a(@) to be the norm of a. It is clear that 
Nxjo(@) = N(a)* 


where d = [K : Q(a)]. When a is an algebraic integer, its norm is a rational 
integer. Furthermore when a # 0, we have the obvious but important inequality: 


1 < |Nxya(@)| < H(a)"~"|ol 
where n = [K : Q] and H(q) is the height of a. 


Theorem 7.1 Let 21,22 be two complex numbers linearly independent over Q. 
Let y1, y2,y3 be three complex numbers linearly independent over Q. Then at 
least one of the six numbers 


exp(aiyj), 1<i<2, 1<j <3, 


is transcendental. 
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Remark. There is the four exponentials conjecture of Schneider that says the 
theorem should still be valid if y1, y2, y3 are replaced by y1, y2 linearly indepen- 
dent over Q. We refer to the interested reader a paper of Diaz [44] where he 
investigates the interrelation between values of the modular j-function (which 
we shall be defining later) and the four-exponential conjecture. 

Proof. Suppose that the conclusion of the theorem is false. Let K be an 
algebraic number field containing the numbers 


exp(ziy;), 1<i<2, 1<j <3. 


Let d be the common denominator for these numbers. We will consider the 
function ‘ 
F(z) = PS axe (tt +5ea)z 
ij=l 


where the aj; € Ox will be suitably chosen so that F’ has a zero at the points 
kiyi + kyo + ks ys 


with 1 < kj < n and where n is a parameter also to be suitably chosen. This 
amounts to solving n° equations in r? unknowns. To apply Siegel’s lemma, we 
need r? > n3. The coefficients of the equations are the algebraic numbers 


exp((tz1 + jv2)(kiyi + koye + k3ys)) 


with denominators bounded by d®"". By Siegel’s lemma, we can find algebraic 
integers a;; of height at most 


Cerne" at . 


We will choose r? = (4n)? so that the a;;’s have height at most en’ Since 
1,22 are linearly independent over Q, we see that F' is not identically zero. 
Moreover, F’ takes values in K for all integral linear combinations of y1, yo, y3. 
Since F is of strict order < 1, not all such integral linear combinations can give 
rise to zeros of F' since the number of such zeros in a circle of radius R grows like 
R° whereas the number of possible zeros of F grows like R by Jensen’s theorem 
discussed in Chap. 5. Alternatively, since the set of numbers kiy1 + koy2 + k3y3 
is not discrete, not all of these can be zeros of F’. Let s be the largest positive 
integer such that 


F(kiys + key2 + k3y3) =0 for l<k<s. 
Then by construction, s > n. Let 
w =kiy + kayo + k3y3 


be such that F(w) 4 0 with some ki = s+ 1 and1< kh < s+1 for all 7. Let 
us observe that 
d&"(8t+)) Fw) 
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is therefore a non-zero algebraic integer. Hence the absolute value of its norm 
is at least one. In addition, we have the height estimate 

log H(F(w)) « n5/? + (s+1)r « 8°”. 


This means ais 
|F(w)| 2 07% 


for some positive constant C’. We now show that this is a contradiction. Clearly 


F(w) = lim F(z) JJ (= (kiy1 + keys 4 »), 


zw ike (kiyi + kaye + k3y3) 


There are s® terms in the product and the function on the right-hand side is 
entire. We want to estimate the size of F(w). We can apply the maximum 
modulus principle on the circle of radius R to the entire function on the right- 
hand side. We will choose R so as to ensure that |w| < R and 


lz — (kiy1 + koye + kgy3)| => R/2 

for all z on the circle. Thus 

|F(w)| < Flr(Cis/R)* 
for some constant C; > 0. But an easy estimation gives 

Flr < ecu bear Ryd 
for some positive constants c,,c2. Putting everything together gives 

log |F(w)| « n°/? + rR +s? log(s/R). 

We will choose R = s*/?. This contradicts our earlier estimate that 


log |F (w)| >> —8°/? log C, 


if n is taken sufficiently large. 


Exercises 


1. If 1, %2,...,2%, are linearly independent over Q, show that the functions 


t wot t 
ide cae rem cea 


are algebraically independent over the complex numbers. ([Hint: use 
Exercise 1 of Chap. 4.] 


2. Show that the functions t and e! are algebraically independent over the 
field of complex numbers. 
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. Show that at least one of 2,3", 5” is transcendental. 


. Let 6 € C and suppose that there are three multiplicatively independent 


algebraic numbers a1, a2, a3 such that ae : ag ; as are algebraic. Show that 
6 is rational. 


. If pi, p2,p3 are three distinct prime numbers such that pj, p3,p3 are inte- 


gers, then show that x is a non-negative integer. 


. Imitate the above proof for the four exponential conjecture and find out 


where the proof breaks down. 


. Let z € C with |z| € Q and e?"* € Q. Assuming the four exponential 


conjecture, deduce that z € Q. 


Chapter 8 


Estimates for Derivatives 


In numerous transcendence proofs, it is convenient to estimate derivatives of 
polynomials evaluated at special points. To this end, we consider a more general 
setting. 

We introduce some terminology. If P is a polynomial in several variables 
with algebraic coefficients, we will write size(P) for the maximum of the heights 
of its coefficients. Given two such polynomials, P and Q, with the latter having 
non-negative real coefficients, we will say that Q dominates P if the absolute 
value of the coefficient of each of the monomials in P is dominated by the 
corresponding coefficient of Q. We will write P < Q if Q dominates P. It is 
easily verified that if P; < Q, and PP, ~< Qe, then P, + Py ~ Q, + Qe and 
P, Py < Q1Q2. Moreover, if D; is the derivative operator with respect to the 
i-th variable and P < Q, then D;P < D;Q. If the total degree of a polynomial 
P in n variables is r, then 


P X size(P)(1+a,+---+a,)". 


We also need some facts about derivations. Recall that a derivation D of 
aring Risa map D: R—- R such that D(x + y) = D(x) + D(y) and which 
satisfies D(xy) = D(x)y + xD(y). Sometimes, we write Dx for D(a) when the 
meaning is clear. For instance, if R is the polynomial ring K[x,...,2»], then 
the partial derivative 0/0zx; is a derivation. 

If R is an integral domain and K its quotient field, then a derivation D of 
R can be extended in the usual way by setting 


vD(u) — uD(v) 


y2 


D(u/v) = 


If R is a ring with derivation D, then we can define a derivation on the polyno- 
mial ring R[x1,...,¢%p] by mapping the polynomial 


fC 5G) SD a ss zp ae 
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to 
FP =>) D@i,,...i BT eh. 


It is easily verified that this is a derivation (see Exercise 2 below). 


If L = K[a,,...,x»], then the usual partial derivatives 
) 
D; = > 
Ox; 


are derivations which are trivial on K. Conversely if D is a derivation of D 
which is trivial on K, then we can write it as a linear combination of the D,’s. 
Indeed, we have 


D=)— D(ai)D; 


since any such derivation is determined by its values on the polynomials x;. In 
fact, an easy induction shows that 


and 7 
Deep oa) = YD ay i) De). 
j=l 
We apply these observations in the more familiar context of C(x,...,2n). 
This shows that if P,,...,P, are arbitrary polynomials, then there exists a 


unique derivation D* such that D*(a#;) = P; which is trivial on C. 


Lemma 8.1 Let K be an algebraic number field and fi,...,fn be complex- 
valued functions. Let w € C be such that the functions fi,..., fn are holomor- 
phic in a neighbourhood of w and that the derivative D = d/dz maps the ring 
K{[fi,.--, fn] into itself. Assume that fi(w) © K for 1 <i<n. Then there 
exists a number Cy having the following property. Let P(x1,...,%n) be a poly- 
nomial with coefficients in K and of degree deg(P) <r. If f = P(fi,.--, fn), 
then for all positive integers k, 


H(D* f(w)) < size(P)kIChT”. 


Moreover, the denominator of D* f(w) is bounded by d(P)Cf*", where d(P) is 
the denominator of the coefficients of P. 


Proof. There exist polynomials P;(x1,...,%n) such that 
Dfi =P fiyerds Fade 


Let 6 be the maximum of their degrees. By our earlier remarks, there is a unique 
derivation D* such that 
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Then for any polynomial P, we have 


DT EP ipso gdly) =) PG@inuey g bas 
a 


The polynomial P is dominated by 
size(P)(1+a,+---+2n)" 


and so 


P(Gi5s25 8m) 


Ox; 


is dominated by 
size(P)r(1+a1+---+ an)". 


Now each P; is dominated by 
size(P;)(1 + 21 +---+2n)?. 
Thus, D*(P) is dominated by 
size(P)Cr(1 +21 +---+an)"*° 
where 


C= 2 size(P, 
i=1 


Now we argue similarly for D*?(P). We have 


D*? P(ai,...,2n = Sor Elysee 5K ona P(a1,...,%n). 
Since 
J D*(P) < size(P)r(r + )C(1 +41 +++» +2,)"*, 
we obtain 


D*?(P) < size(P)r(r + 6)C?(1 +41 +--+ + an)". 
Proceeding inductively, we see that 
D**(P)  size(P)C*r(r + 5) +++ (r + (K—1)6)(1 + a1 +--+ a,)"t*, 
Observing that for 6 > 0 (for 6 = 0, the estimates are even easier), 


re 


r(r +6)+++(r + (k—1)6) < 6¥(r +:1)--- (rn +k) < 6°} < oF art FRI, 
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we obtain an inequality of the form 
D**(P) ~ size(P)CotPRM(1 + 21 +--+ an). 


If we plug in the values f;(w) for x; in the above, we obtain a bound for 
D**(f(w)) exactly of the form as required in our lemma. To prove the lemma, we 
observe that the map x; +> f; isa homomorphism from the ring K[21,...,2n] to 
K[fi,.--; fn] which takes the derivation D* to D. Thus D**(f(w)) = D* f(w) 
and since all these numbers lie in the fixed number field K, the first assertion 
of the lemma follows. The second assertion about the denominator estimate 
follows in a similar inductive style. We leave this as an exercise to the reader. 


Exercises 


1. Let R be an integral domain and D a derivation of R. Show that the map 
D extends to the field of fractions of R by the definition: 


yD(x) — eD(y) . 


D(x/y) = P 


2. Let D be a derivation on the ring R. Show that the map f > f? (defined 
in the beginning) is a derivation on the ring R[1,...,2n].- 


3. If K is a field, show that the set of all derivations of K, denoted Der(K), 
forms a vector space over K if we define 


(Di + D2)(@) = D(x) + Da(x), (@D)(x) = aD(a), 


for D,,D2,D € Der(K), anda € K. Show further that [D,, D2] 
:= D, Dz — D2D, is again a derivation of K. 


4. With notation as in the previous exercise, show that 
[[D1, D2], Ds] + [[D2, D3], Di] + [[D3, Di], D2] = 9, 


for any three derivations D,, D2, D3 of K. (This is equivalent to saying 
that Der(K) is a Lie algebra.) 
5. Let D be a derivation on a field K and consider the function 
D 
L(z)=—, 2eEK*. 
x 


Show that L(xy) = L(x) + L(y). This map L is called the logarithmic 
derivative. 


Chapter 9 


The Schneider—Lang 
Theorem 


In 1934, A.O. Gelfond and T. Schneider independently solved Hilbert’s seventh 
problem. This problem predicted that if @ and { are algebraic numbers with 
a #0,1 and @ irrational, then a’ is transcendental. In particular, the number 
2V2 is transcendental as well as the number e”, as is seen by taking 6 = 7 and 


a = —1. Another consequence of the theorem is the transcendence of numbers 
such as 

log a 

log 6 


whenever log a and log £ are linearly independent over the rationals. 

In 1962, Serge Lang derived a simple generalisation of the Schneider method 
and it is this result we will discuss here. In the subsequent chapters, we will 
derive further corollaries of the theorem. 

Recall that an entire function f is said to be of strict order < p if there is a 
positive constant C’ such that 


f(z) < c” 


whenever |z| < R. A meromorphic function is said to be of strict order < p if it 
is the quotient of two entire functions of strict order < p. 


Theorem 9.1 (Schneider-Lang) Let K be an algebraic number field. Let 
fi,---,fa be meromorphic functions of strict order < p and assume that at least 
two of these functions are algebraically independent. Suppose further that the 
derivative D = d/dz maps the ring K|fi,..., fa] into itself. If wi,...,wm are 
distinct complex numbers not among the poles of the f;’s such that fi(wr) € K 
for alll <i<d1l<k<™m, thenm < 4p|[K : Q). 
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Proof. Let f,g be two functions among fi,...,fa which are algebraically 
independent. Let 


We wish to select coefficients aj; € Ox such that 
D*F(w,) =0 


forl<v<mand0<k<n-—1. This amounts to solving the linear system of 
mn equations in r? unknowns: 


» ag" ea, = 0. 


ij=l 


By hypothesis, the numbers 


k 
DEF 9!)(ue) = > (7) DUE (us) D(a! lee) 


t 
t=0 


are algebraic and lie in K. By Lemma 8.1, we can estimate the size of our 
coefficients. Choosing r? = 2mn, Siegel’s lemma assures that we can find the 
desired aj; € Ox with 

H(ai;) z erlogn+O(ntr) 


Since f and g are algebraically independent over K, our function F' is not 
identically zero. Let s be the smallest integer such that all the derivatives of F’ 
up to order s — 1 vanish at the points w1,...,Wm but such that D*®F does not 
vanish at least at one of the wy, say w;. Then s > n and by Lemma 8.1, we 
have an estimate for 

H(D*F(w1)) = eslogs+O(s) 


We also know that it has denominator bounded by e* !°88+9(S), Since D°F(w 1) # 
0, from the height estimate we deduce that 


|D°(F(w1))| S e7 21K Qs log s+s log s+O(s) : 
On the other hand, we can deduce an upper bound for this quantity as follows. 


Let h be an entire function of order < p so that h(w;) 4 0 and both hf and hg 
are entire. Then 
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because 

D* (Fw 
is its Laurent expansion about z = w,. We note that to estimate |D*(F(w1))|, 
it suffices to estimate G(z) on the circle |z| = R which encloses w;. For this, we 
apply the maximum modulus principle to G on the circle with radius R = s!/2e 
(suitably large) to obtain 


|D*(F(w1))| 


< cork RO™s 
s! ; 


Since R = s!/2?, we get an upper bound of 


e7 ms(log s)/2p+s log s+rs‘/?c, 


Recalling that r = O(n'/?), we obtain a contradiction if m > 4p[K : Q). This 
completes the proof. 


We now derive some important corollaries of this theorem. 


Corollary 9.2 (Hermite-Lindemann Theorem) Let a be a non-zero algebraic 
number. Then e* is transcendental. 


Proof. Suppose not. Let K be the field generated by a and e* over Q. Let 
fi(z) = z and fo(z) = e®*. Then the ring K[f1, f2] is mapped into itself by 
the derivative map. Moreover, by Exercise 2 in Chap.7, the two functions are 
algebraically independent. The theorem indicates that there are only finitely 
many complex numbers w such that fi(w), fo(w) € K. But we may take the 
infinite set w = 1,2,3,... to derive a contradiction. 


Corollary 9.3 (Gelfond—Schneider Theorem) Let a, be algebraic numbers 
with a #0,1 and 8 irrational. Then a? is transcendental. 


Proof. Suppose not. Let K be the field generated by a, 8, over Q. We apply 
the theorem to the two functions f1(z) = e”, fo(z) = e®*. Again, the derivative 
maps the ring K[f;, fa] into itself. By Exercise 1 of Chap. 7, we conclude that 
fi and f2 are algebraically independent. Thus f; and fz can take on values in 
kK simultaneously at only a finite number of complex numbers. But this is a 
contradiction if we take z = loga,2loga,.... 


In the subsequent chapters, we will discuss further applications of this impor- 
tant theorem to the theory of elliptic functions, abelian functions and modular 
functions. 
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. If P is a polynomial of degree d, determine the order of the function e* . 


The Schneider—Lang Theorem 


Exercises 


P 


. Prove that if f is an entire function of order p, then its derivative f also 


has order p. 


. Let a, @ be algebraic numbers unequal to 0 or 1. Show that 


loga 
log 8 


is either rational or transcendental. 


. If a,@ are non-zero algebraic numbers such that log a, log @ are linearly 


independent over Q, then show that they are linearly independent over Q. 


Chapter 10 


Elliptic Functions 


Let w1,w2 be two complex numbers which are linearly independent over the 
reals. Let LD be the lattice spanned by w1,w 2. That is, 


L= {mw + nwe: m,n e€ Z}. 


An elliptic function (relative to the lattice L) is a meromorphic function f on 
C (thus an analytic map f : C — CP) which satisfies 


f(z+) = f(z) 


for allw € Land z € C. The value of such a function can be determined by its 
value on the fundamental parallelogram: 


D= {sw, +twg: 0<s5,t <1}. 


Any translate of D is referred to as a fundamental domain for the elliptic func- 
tions relative to L. The set of all such elliptic functions (relative to L) forms a 
field and L is called the period lattice or the lattice of periods. 

The Weierstrass o-function associated with L is defined by the series 


1 1 
@=2+> {ep a}: 
weL’ 
where L’ denotes the set of non-zero periods. The associated Eisenstein series 
of weight 2k is 
Gox(L =: Ww 
we L’ 


Theorem 10.1 Let L be a lattice in C. The Eisenstein series Gop is abso- 
lutely convergent for allk > 1. The Weierstrass o-function associated with L 
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converges absolutely and uniformly on every compact subset of C\L. It is a 
meromorphic elliptic function on C having a double pole at each point of L and 
no other poles. 


Proof. It is easy to see that 
#{weEL:N<|w)<N+1}=O(N). 


Hence 


Co 


1 1 ae 
weEL:|wl|>1 N=1 N=1 


from which the first assertion follows. To deal with the convergence of the second 
series, we split the series into two parts: 


Dee es 


O<|wl<2|z| [wl] >2Iz| 


The first sum is a finite sum by our observation above. For the second sum, we 
note that 

1 1 
2 


z(2w — z) 


w?(z — w)? 


10|z| 
wl? 


(z-w)? w 


which converges by the first part of our theorem. Thus the defining series of the 
Weierstrass o-function converges absolutely and uniformly on every compact 
subset of C\L. This proves that o is analytic in the region C\L. Further, we 
can compute its derivative and find that 


g'(z)=—2 ae co 


from which it is clear that g’ is an elliptic function. Thus for any fundamental 
period w (i.e. there exists 7 € L such that w and 7 generate L), 


o (e+) = 9(2) 
and hence we obtain 
plz +w) = e(z) + cw) 


for some constant c(w) which is independent of z. Putting z = —w/2 and 
noting that o is an even function, we find that c(w) = 0. Finally the series 
representation clearly shows the location and multiplicities of the poles. This 
completes the proof. 


The next theorem describes a fundamental algebraic relation between ¢ 
and q’. 
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Theorem 10.2 The Laurent series for o(z) about z = 0 is given by 


1 co 
= =+5°( (2k +1 \Gousae*. 
k=1 
Moreover, for allz €C, z ¢ L we have 
'(z)? = 49(z)? — 60Gup(z) — 140G¢. 
Proof. We begin by observing that 
Sve 
~ Lz 
n=0 


for |z| < 1. Upon differentiating both sides, we find that 


= 1 
n=0 ( ~2) 
Thus, 
(1—2)?-1=S (nt 12", 
n=1 


a fact we will use below. Let r = min{|w|: w € L’}. Then, for 0 < |z| <r, we 
can write 


——;-s= w*((1—z/w)-? — 1] = Sa 41)z*fa"?, 
n=1 
Summing both sides of this expression over w € L’, we obtain 

= S- So(n + 1)2" fu??? 

weL’n=1 

Interchanging the summations on the right-hand side and noting that for odd 
n > 1, the sum 

Ewrtao 


we L’ 


(because both w and —w are in L’), we obtain the first assertion of the theorem. 
To prove the second assertion, we differentiate the Laurent series to get 


gl (z) = —2273 + 6Gaz + 20Gez? +---. 
Squaring this, we obtain 


g! (z)? = 4276 — 24G4z77 — 80Ge +--- 
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Cubing the g-function, we get 


e(z) = (272 + 3G42? + 5Ggz4 +--+)? 
= 2-§ + 9Gyz-7 +15Ge+-:-. 


Thus, the function 
f(z) = @' (2)? — 49(z)? + 60G4p(z) + 140G¢ 


is holomorphic at z = 0 and vanishes there. Since f(z +w) = f(z) for all 
w € L, we have that f vanishes at all points of LZ. But it is also an elliptic 
function which is analytic outside of L. It follows that f is analytic on the 
fundamental parallelogram D and thus is an entire function. Since the closure 
of D is compact, f is a bounded entire function. By Liouville’s theorem, f is 
constant. Since f(0) = 0, this constant must be zero. This completes the proof. 


The preceding theorem shows that the points (g(z), @’(z)) for z € C\L lie 
on the curve defined by the equation 


y? = 42° — gox — gs, 


where 
g2 = 60G4, 93 = 140G6. 


The cubic polynomial on the right-hand side has a discriminant given by 
A = 93 — 2793 


which we shall show to be non-zero. Such curves are called elliptic curves. 

We want to show that the converse is also true. Namely, given (x,y) € C? 
lying on the curve, we can find z such that x = ¢(z) and y = g'(z). Indeed, if 
the equation ¢(z) — x = 0 has no solution, then 1/( — 2) is an elliptic function 
which is holomorphic on L. By periodicity, we see that it is entire and bounded. 
By Liouville’s theorem, it must be a constant, a contradiction since ¢ is not 
a constant function. Hence y = +'(z) and since g’(z) = —’(—z), we may 
adjust the sign of z appropriately so as to ensure that (z,y) = ((z), 9'(z)). 
This proves: 


Theorem 10.3 Let L be a lattice. Let go,g3 be defined as above. Then all the 
complez solutions of the equation 


y? = 4r° — g2t — 93 


are given by (p(z), e'(z)) where e is the Weierstrass o-function attached to L 
and z ranges over all the complex numbers in C\L. 
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Let us now prove the following elementary, but crucial lemma: 


Lemma 10.4 Let f be an elliptic function associated with the lattice L and let 
res, f denote the residue of f at z = w. If D is a fundamental domain of f 
whose boundary OD does not contain any pole of f, then 


by resy f = 0. 

weD 
Further, if ordw denotes the order of f at z = w and OD does not contain a 
zero of f, then 

S> ord, f = 0. 

weD 


Proof. Let D be a fundamental domain whose boundary does not contain any 
pole of f. By Cauchy’s theorem, we have 


flz)dz = 2ri oS TeSy, f. 


aD weD 


The periodicity of f shows that the line integrals along the opposite sides of the 
parallelogram cancel. This proves the first assertion. The second one follows on 
applying the first assertion to the elliptic function f’(z)/ f(z). 


There are two more related functions we will look at. The first is the Weier- 
strass o-function attached to the lattice LZ and defined as 


a(z):=2 II (1 - =) er [we [20 


Ww 


Since the series 


is absolutely convergent for « > 0, Weierstrass-Hadamard factorisation theory 
for entire functions will immediately imply that o is an entire function of order 
two. But without appealing to the general theory of entire functions, it is not 
difficult to carry out an explicit hands-on treatment of this function which we 
do. 

If we formally take the logarithmic derivative of the o function, we obtain 
the Weierstrass ¢-function: 


(= 7 =2+> Perea 


weL’ 


The summand on the right can be written as 


1 1 z ae 
nae) a Ww 2. FH 
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for z in a suitable region. By our earlier remarks, we see that the series defining 
the function ¢ converges absolutely and uniformly for any compact set in C \ L. 
Thus ¢ is an analytic function in C\L. Now exponentiating local primitives of 
this function, we see that o is an entire function. If we differentiate ¢, we obtain 


W@=-3- D |p a] --0@. 


weL’ 


It is easily seen that both o and ¢ are odd functions. 
The Weierstrass o-function has strict order < 3. To see this, let z be a 
complex number of absolute value R. Then, 


oO Uk 
Qyo, 2 Z 
log(1 — z/w) + z/w+ 2°/2w* = -»— kok? 
k=3 
provided |z| = R < |w|. If |w| > 2R, then the sum converges absolutely since 
do le*/o*| « [21P/ll?. 
k=3 


Thus, the part of the product defining o which is restricted to |w| > 2R converges 
absolutely and its logarithm is O(R?). The part of the product over those w 
satisfying |w| < 2R has O(R?) factors and each factor is O(Re®’) from which 
the assertion follows. From the product formula, we also see that o is an entire 
function with simple zeros on LE and at no other points. 

Differentiating the function ¢(z+w) —¢(z), we get zero since the o-function 
is periodic. Thus there exists 7(w) so that 


G(z +H) = (2) +4). 


It is clear that 7 is a Z-linear function in w. Thus, 7(2w) = 27(w). The notation 
m = (wi) and nz = n(w2) is standard and these are called quasi-periods of ¢. 
Thus ¢ is not an elliptic function since it is not doubly periodic. 

What about o? From the preceding, we see that 


log a(z + w) = log a(z) + n(w)z + cw) 
for some function c on the lattice. It is convenient to write this as 


o(z+w) 
o(z) 
thereby defining ~(w). Suppose first that w/2 ¢ L. Setting z = —w/2 above 


and using the fact that o is odd, we see at once that w(w) = —1. On the other 
hand, 


= W(w)eMo(ete/2) 


a(z+2w) oa(z+2w)o(z+w) 


o(z) — o(z+w) az) 
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and so by applying the functional equation twice and using the fact that n(2w) = 
2n(w), we get 
b(2w) = ow)’. 


In particular if w/2 € L, we get 


p(w) = (w/2)?. 


Thus dividing by 2 until we get some element which is not twice a period, we 
get its value to be —1 which upon squaring becomes 1. This proves: 


Theorem 10.5 
o(2 +w) = o(z)p(wje™ete/®), 


where W(w) = 1 if w/2 € L and —1 otherwise. 


This theorem allows us to factor the g-function as a product of o functions. 
Indeed, let us observe that for any a € C, we have 


ZF AFH) _ yy yenle)etu/2) en(u)a, 
o(z +a) 
Noting that 1(w)a occurs linearly in the exponent, we see that if a1,...,a@, and 
by,...,b, are any two sets of complex numbers satisfying 
n n 
dai =D bi, 
i=1 i=1 


then the function 


is periodic with respect to the lattice LZ and hence an elliptic function. The 
converse is also true, namely that any elliptic function can be written as a 
product of above type. For example, we have for any a ¢ L, 


_ ofa) = a(z+a)o(z—a) 
9(z) — (a) Pama 


To see this, note that the left-hand side has zeros at z = +a and all its trans- 
lates by L and a double pole at z = 0. There are no other zeros or poles by 
Lemma 10.4. The right-hand side is an elliptic function by our earlier remarks 
with the zeros and poles of the same order and at the same places. Thus the 
quotient is entire and as its value is determined on the fundamental domain, it 
is bounded there. By Liouville’s theorem, it is constant. Since o(z)/z tends to 
1 as z tends to zero, we deduce that the constant must be 1 by multiplying both 
sides by 2? and taking the limit as z tends to zero. This discussion along with 
Exercise 4 proves the following theorem. 
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Theorem 10.6 Any elliptic function is expressible as a product of the form 


where c is a constant. 


The subject of elliptic functions was developed in the nineteenth century by 


the works of Legendre, Gauss, Jacobi, Eisenstein, Kronecker and others. Today 
this field has grown naturally into the theory of modular forms, one of the 
most active branches of mathematics. We heartily recommend the delightful 
little book of Weil [131] which gives a wide-ranging historical perspective of this 


topic. 


Exercises 


. Show that ¢ and 7 are both odd functions. 


. Show that for any lattice D and k > 2, 


Gor(L) = Pe(Ga(L), Ge(L)) 


where P, (x,y) is a polynomial with rational coefficients, independent of 
L. 


. Show that the Weierstrass ¢-function has strict order < 3. 


. Prove that for any elliptic function f associated with a lattice L, 


S> wordy f € L. 


weD 


. Fix a complex number c. Show that the equation o(z) = c has exactly two 


solutions in the fundamental parallelogram. If u and v are these solutions, 
use the previous exercise to deduce that u+v € L. 


. Prove that 


. If f is an even elliptic function and u is a zero of order m, show that —u 


is also a zero of order m. Prove the same assertion with “zero” replaced 
by “pole”. Further, if u = —u in C/L, then m is even. 


. Prove that any even elliptic function f is a rational function in g. [Hint: 


By the previous exercise, pair up the zeros as a;,—a; and the poles as 


Elliptic Functions AT 


b;, —b; in a fundamental domain, taking care when a pair is same mod L. 
Now consider the function 


IT: (@(2) = (a) 
ITi(o(z) — e(6:)) 


and show that it has the same zeros and poles as f.| 


9. Conclude from the previous exercise that any elliptic function is a rational 
function in g and ¢’. 


Chapter 11 


Transcendental Values 
of Elliptic Functions 


The observation that points on a certain elliptic curve can be parametrised by 
the values of the g-function and its derivative allows us to deduce an important 
addition theorem for the g-function. Using Lemma 10.4, we will prove the 
following addition formula for the g-function. 


Theorem 11.1 For 2, 22 with z1, 22 and 21 + z2 € L, we have 


; (Benen) 


When z1 = zo = z, we have 


p22) = —2p2) + 3 ( 


Proof. Let (#1,y1) = (@(21),@’(21)) and (x2,y2) = (@(z2),@'(z2)) be the 
corresponding points on the elliptic curve 


y? = 4x? — gor — 93. 
Let y = ax + b be the line through these two points. Thus, 
(21) =ap(zi) +b, ~'(z2) = ap(z2) +b. 


Now with a suitably chosen fundamental domain D (so that we can apply 
Lemma 10.4), we can ensure that the elliptic function 


g'(u) — ap(u) — b 
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has poles only at z = 0 in D and this pole has order 3. Thus by Lemma 10.4, it 
has three zeros in D (counting multiplicities). Working mod L, we already have 
two of these zeros, namely u = z; and u = zg. Let u = t be the third zero. Then 


g(t) = ag(t) +b 


and by Exercise 4 in the previous chapter (which follows by integrating the 


function zt), we have 


Zytezqgtte L. 


In addition, we have 


We conclude that 
(ag(t) + b)* = 4(t)* — go@(t) — gs. 
By our analysis, the cubic equation 
(az + b)? = 42° — gox — 93 


has roots = 9(21), @(z2) and x = g(t). Since the sum of the roots is a?/4, 
we get 


1 (@'(a) — @'(z2)\* 
olen) + o(22) + ole) = 02/4 = 3 ( 
4 \ p(z1) — (22) 

Since —t = 21 + z2 mod(L) and o(—t) = g(t), we deduce the assertion of the 
theorem. The second part is obtained by taking limits as z, tends to z2. This 


completes the proof. 


We are now ready to prove the following important application of the 
Schneider—Lang theorem. 


Theorem 11.2 Let L be a lattice and suppose that g2,g93 are algebraic. Then, 
for any algebraic a ¢ L, g(a) is transcendental. 


Proof. Suppose not. Then g(a) is also algebraic since gz, 93 are algebraic. 
Since 


p'(z)* = 4(z)? — g2@(z) — 9s, 
we see upon differentiating the left-hand side and dividing by g’(z) that 
20" (z) = 129(z)* — go. 


Let K be the algebraic number field generated by go, g93,a, (a). We apply 
the Schneider—Lang theorem to the field K and the functions z,g and g’. The 
derivative operator maps the polynomial ring generated by these functions into 
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itself. These functions are of strict order < 3 by the theory of the Weierstrass 
o and ¢ functions discussed in the previous chapter. Moreover the functions 
fi(z) = z and f(z) = 9(<z) are algebraically independent. To see this, suppose 
they are algebraically dependent. Then there exists a polynomial P € C{z, y| 
such that P(z,@) is identically zero. If the a-degree of P is n and n > 0, we 
may write this relation as 


2” P,(p(z)) + 2° ' Pai (lz) + +++ + Po(@(z)) = 0 


for certain polynomials Po,...,P,. If we take zo ¢ L with P,(e(zo)) # 0, we 
see from the periodicity of g(z) that the polynomial 


2” Pn(go(z0)) + 2” *Pn—1((20)) «++ + Po(@(z0)) 


has infinitely many zeros at zo + w for w € L. One can carry out a similar 
argument for the case when n = 0. Thus the functions f; and fo are algebraically 
independent. By the Schneider—Lang theorem, these functions and g’ take 
values in K simultaneously at only finitely many complex points. But this is 
not the case since by the addition formula for the g-function, these functions 
take values in K at all the points na ¢ L with n = 1,2,.... This contradicts 
the Schneider—Lang theorem. Thus 9(a) must be transcendental. 


Given a lattice L with invariants gz and 93, let E be the elliptic curve y? = 
4x? — goa — g3. As described in the previous chapter, the complex points of this 
curve are parametrized by the Weierstrass g-function of L. 

Conversely, we shall see later that given an elliptic curve of the form y? = 
4x? — Ax — B (where A® — 27B? ¥ 0 by definition), there exists a unique lattice 
L such that go(L) = A and g3(L) = B and hence the complex points of this 
curve are parametrized by the Weierstrass g-function of L. The elements of L 
are referred to as periods of the given elliptic curve. 

The previous theorem implies that any non-zero period of such an elliptic 
curve defined over Q (i.e. gz and g3 are algebraic) must be transcendental. To 
see this note that 

6! (wi/2) = — 9! (-w:/2) 


since g’ is an odd function. But @’ is periodic with respect to L and so 
g'(—w1/2) = 9! (—wi/2 + 41) 
so that o'(w,/2) = 0. The same reasoning shows that 
@' (w2/2) = p'((w1 + w2)/2) = 0. 
From the fact that (o(z), @’(z)) are points on the elliptic curve 
E: y? =42° — gox — 9s, 


we immediately see that 
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are the zeros of the cubic equation 
Ag? — got — 93 = 0. 


These are called the two-division points of FE. In particular it follows that for 
g2,93 algebraic, all the two-division points are algebraic. Thus dividing any 
non-zero period by a suitable power of 2 and using the previous theorem, we 
immediately deduce the following fundamental result first proved by Schneider: 


Theorem 11.3 Any non-zero period of an elliptic curve 
y” = 4a° — gor — gs 
with go and g3 algebraic is necessarily transcendental. 


In other words, if L is the lattice with invariants go(L) = g2 and g3(L) = gs, 
then LM Q = 0. This result could be viewed as the elliptic analogue of the 
transcendence of 7 since 277 is a “period” of the exponential function e* and ¢ 
is a higher dimensional generalisation of the exponential function in the sense 
that it is doubly periodic. 

We end this chapter by noting the following result for future reference. 


Proposition 11.4 The numbers o(w 1/2), o(w2/2) and g((w1 + we)/2) are 
distinct. 


Proof. Suppose not. Let L be the lattice spanned by w1,wz2 which are linearly 
independent over R. Let us consider the function 


fil2) = @(2) — (1/2). 


This has a double order zero at z = w;/2 since g'(w1/2) = 0. Since g has a dou- 
ble order pole at z = 0 in a suitable translate of the fundamental parallelogram 
and no other poles, this accounts for all the zeros of f; by Lemma 10.4. It fol- 
lows that any zero must be congruent to w;/2 modulo L. If g(w2/2) = o(wi/2), 
then we would have w, = we modulo L, contrary to their linear independence 
over R. Thus ¢o(w 1/2) and g(w2/2) are distinct. A similar argument applies for 
the other two-division points. 


We immediately deduce: 
Proposition 11.5 The discriminant 
93 — 2793 # 0. 
Proof. It will be convenient to write 
€1 = (41/2), e2 = (w2/2), e3 = p((w1 + w2)/2). 
Then the discriminant of the cubic is 
G2 — 2793 = 16(e1 — e2)*(e1 — €3)*(e2 — €3)? 


and by the previous proposition, this is non-zero. 
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Exercises 


1. If gz, 93 are algebraic, show that for any natural number n, the numbers 
g(w1/n) and 9(w2/n) are algebraic numbers. 


2. Let L be a lattice with go, g3 algebraic. If g(a) is transcendental, show 
that (na) is transcendental for every natural number n with na ¢ L. 


3. With L as in the previous exercise, show that if g(a) is transcendental, 
then so is o'") (a) for every natural number n. 


4. Show that the functions e* and g are algebraically independent. 


5. Let go, g3 be algebraic and w be any non-zero period of the elliptic curve 
y? = 4a° — gox — g3. Then show that w and 7 are linearly independent 
over Q. 


Chapter 12 


Periods and Quasiperiods 


In the previous chapter, we proved that the fundamental periods w ,w»2 of a 
Weierstrass o-function whose corresponding g2, g3 are algebraic are necessarily 
transcendental. A similar question arises for the nature of the associated quasi- 
periods 1,72. We shall show that these are also transcendental whenever ge 
and g3 are algebraic. To this end, we shall need the following lemmas. Let H 
denote the upper half-plane, i.e. the set of complex numbers z with S(z) > 0. 


Lemma 12.1 (Legendre Relation) If w1 and we are fundamental periods such 
that w1/wo € H, then 
Wine — Wen, = 271. 


Proof. We integrate ¢(z) around a fundamental parallelogram D, shifted 
slightly so that the boundary does not contain a period. The only pole of ¢ 
is at z = 0 with residue 1. Thus By Cauchy’s theorem, 


Qri = C(z)dz. 
OD 


But ¢(z+w) = ¢(z) +7(w) and hence the line integrals along the opposite sides 
of the parallelogram don’t quite cancel, but give the required terms. 


Lemma 12.2 The functions fi(z) = g(z) and fs(z) = az + BC(z), with a, B 
not both zero, are algebraically independent. 


Proof. We begin by observing the following facts (see exercises below): 


9" (z1) — oe 
9(z1) — (22) 


cle + 20) = Olen) + ola) + 5 ( 
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and 


fale + #2) = falea) + false) + § (SEED) 


2 \ (21) — (22) 
Suppose now that f;, f3 are algebraically dependent and 


fo (2) + an(z) fa(z)”* +++ + an(z) = 0 (12.1) 
with @1,...,@, rational functions in (z). For rational integers c and d, we have 
fs(z+cw1 +dwe) = al(z+cu, + dwo) + BC(z + cw + dw2) 


I 


f(z) + a(cwy + dw2) + B(en, + dn2), 
by the quasi-periodicity of ¢. We claim that we can choose c,d such that 
6 := a(cw, + dwe) + B(em + dnz) #0. 


Assume otherwise. Then choosing (c,d) equal to (1,0) and (0,1) respectively, 
we have 
aw, + 6y, =0 and aw2+ bn2 = 0. 


Multiplying the first equation by 72 and the second one by 7; and subtracting 
gives 


a(wine — wom) = 0 


which by Legendre’s relation implies a = 0. Similarly we deduce 6 = 0, contrary 
to hypothesis. Thus we can choose c,d such that # 4 0. It follows by induction 
that 


fa(z + m(cw1 + dwe)) = fs(z) + md, 
for every integer m. In (12.1), we replace z by z+ m(cwv1 + dwe) to get 
f(z + m(cw + dw2)) + an—1(z) f3(z + m(cw + dw2))"~* +--+ +an(z) =0, 


since the a;’s are rational functions of og which are periodic in w; and wy. In the 
fundamental parallelogram, there are only finitely many values of z for which 
the functions a;(z) are not analytic. If we choose z = zo so that it is not one of 
these values, we obtain that the polynomial equation 


a” + Gn—i(zo)a | +++: + ap(zo) = 0 
has infinitely many zeros: 


fa(zo + m(cw1 + dwe)) = fs(z0) + mé, m=1,2,..., 


since 0 £ 0. This is clearly a contradiction. 


We note that the case 8 = 0 was established in an earlier chapter. Recall 
that w is called a fundamental period of ¢ if there exists another period 7 such 
that w and 7 generate the associated lattice L. 
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Theorem 12.3 Let w be a fundamental period of 0 with gz and g3 algebraic. 
Set no = 2¢(w/2). Then any linear combination of w and no with algebraic 
coefficients, not both coefficients zero, 1s transcendental. 


Proof. Suppose not. Suppose aw+ 879 is algebraic where a and (6 are algebraic 
numbers, not both zero. Consider the functions 


fil2) = @(2), fol2) = @'() faz) = a2 + BC(z). 


Let K be the algebraic number field generated by a, 3 and aw + Pn together 
with the roots of the cubic equation 


Ax? — gox — g3 = 0. 


Then the ring K[f1, f2, f3] is invariant under the differentiation map. We must 
check that at least two of the functions f;, fo, fg are algebraically independent. 
But this is clear from the previous lemma. We have already seen that f; and fo 
are quotients of entire functions of strict order < 3 and the same is true for f3. 
We will choose z = (r + 1/2)w with r ranging over the integers. Since o(w/2) 
is a root of the cubic equation 


4ar8 — G2t — 93 = 0, 


we see that f; takes values in K at these points. We also see that fo vanishes 
at these points. Finally, since 


C(rw + w/2) = ¢(w/2) + (rw) = no/2 + rn(w), 


fa((r + 1/2)w) = aw(r + 1/2) + Bno/2 + Brn). 


Since ¢(z +w) = ¢(z) + n(w), putting z = —w/2 and using the fact that ¢ is an 
odd function, we obtain 


C(w/2) = —¢(w/2) + nw), 
which proves that (w) = 2¢(w/2) = 9. So we obtain 
fa((r + 1/2)w) = (r + 1/2)(aw + Bro) 


which lies in K by our assumption. We now have infinitely many complex 
numbers at which all these three functions simultaneously take values in K. 
This contradicts the Schneider-Lang theorem. 


In particular, we have the following important result proved by Schneider; 


Corollary 12.4 If g2, 93 are algebraic, then any non-zero period or quasi-period 
is transcendental. 
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Exercises 


. Prove that 


((2z) = 2¢(z) + 


2g! (z) 


. Show that if g(a) is algebraic, then ¢(2"a) is a polynomial in ¢(a@) with 


algebraic coefficients lying in a field of bounded degree over Q. 


. Let L be a lattice with corresponding g2, g3 algebraic. If a is not a period, 


show that at least one of (a), ¢(a@) is transcendental. 


. Prove the addition formula for the ¢-function: 


g'(z1) — oS) . 


Cla + 22) = C(z1) + C(22) + ; ( (21) — (ze) 


Chapter 13 


Transcendental Values 
of Some Elliptic Integrals 


In the case of trigonometric functions, we can rewrite the familiar identity 
sin? z+ cos? z = 1 


as 


where y(z) = sinz. We can retrieve the inverse function of sine by formally 
integrating 


so that 


sinvtz= [ 
0 V1l-y? 


The period of the sine function can also be retrieved from 


1 
an a4 | 
0 V/1l-y? 
However, we should be cautious about this reasoning since sin~~ z is a multi- 
valued function and the integral may depend on the path taken from 0 to z. 
With this understanding, let us try to treat the inverse of the elliptic function 
y(z) in a similar way. Indeed, we have 


a = V/49(2)8 — g29(z) — 93 


1 
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from which we intend to recover z as 


/ dx 
A 
\/4x3 — gox — g3 


upon setting x = ¢(z). 

As we mentioned before, it is an issue whether these integrals are well defined 
since they may depend on the path. To make these integrals well defined, we 
need to make branch cuts by appealing to the theory of Riemann surfaces. 
However, let us attempt to figure out the defect, namely the difference between 
integrals over two different paths. Let zo and z, be two fixed points and y be 
a piecewise smooth path parametrized by « = a(t), 0 <t <1, with x(0) = zo 
and 2(1) = 21. Suppose that the path does not pass through the any of the 
zeros of the polynomial 4x3 — gox — g3. Let y = y(t) be a continuous path such 
that the points 

(x(t),y(t)), O<t<1 


lie on the elliptic curve 
E:y? = 42° — gor — 93 


associated with o. Let y(0) = vp and y(1) = v1 be the end points of y(t). Cov- 
ering space theory for path lifting ensures that there exists a piecewise smooth 
path u(t) such that 


a(t)= (ut), y(t) =@'(ud)), = OS tS1. 
Let wo and wy, be the end points of u(t), that is 
(wo) = 20, 9 (wo) = v0 and g(wi) =~, o'(wi) =. 


Then we have, 


Now let 7; be another path from zg to z; and suppose that the chosen y curve 
has the same beginning point v9. Then it is clear that its terminal point is equal 
to v,. Let L,, = ea a be the integral with respect to this new path y,. Then 
it is not difficult to see that 


I,, =I, (mod L) or Ly, =—L, —2wo (mod L), 


according as the terminal point of the new y curve is v; or —v;. The upshot of 
these discussions is that these integrals are to be interpreted up to the period 
lattice LD. 

These discussions also suggest a recipe to recover the periods of an elliptic 
curve y”? = f(a), namely by integrating dx/y along suitably chosen paths where 
«= (2). 
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For instance, if we integrate from eg = g(w2/2) to eg = e((wi + w2)/2), 
we get 


= dx 
2 en 423 — gox — 93 


Similarly we have 


=f dx 
2 e. 403 — gox — g3 


A similar comment can be made about quasi-periods. Indeed since 


we obtain 


which gives upon integration 


xdx 
V 4x? — gox — 93 


Many times it is more coven tt to normalise the roots of f(x) and reduce 
the curve to the form E) : y? = x(x — 1)(x — A) with \ # 0,1 satisfying |A| < 1 
and |\ — 1| < 1 (see [67], for instance). Then the following integrals 


—m/2= —C(w1/2) = [ 


and 


is dix dix 
iz a(x — 1)(@— >) | Ja(e —1)(@—) 


determine a fundamental pair of periods for the curve £. We shall come across 
such curves in a later chapter. 

On the other hand, if the cubic polynomial f(x) = 42° — goa — g3 in the 
Weierstrass form is defined over real numbers, then f(x) becomes positive for x 
sufficiently large and for such z, the elliptic integral 


dt 
» Vf() 


is easier to handle (see [46] for further properties of such integrals). In Chap. 16, 
we will explicitly evaluate some elliptic integrals of this type. 

The subject of elliptic integrals constitutes an independent theme in math- 
ematics. The reader may refer to the books [28, 46, 67, 114, 132] for more 
comprehensive treatment of the integrals considered in this chapter. 

The elliptic integrals can be related to the problem of determining the 
circumference of an ellipse. To see this, let us consider the ellipse 
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with a,b real algebraic numbers and 0 < b < a. We would like to calculate the 
perimeter of this ellipse. If we parametrize a curve in R? by a map 


tr (x(t), y()), 


then as t goes from A to B, the length of the curve traversed is 


B 
is Jib? + y'Oat 


which follows from elementary calculus. Since the ellipse can be parametrized 
by the map 
ts (asint, bcost) 


for 0 < t < 27, we see that the perimeter of the ellipse is equal to 


m/2 
if V a2 cos? t + b2 sin? tat. 
0 


Putting u = sint, the integral becomes 


[ ‘= — Ae Sy i, 


In case a = b, this becomes am /2. But when a ¥ b, this is not an elementary 
function. 
Let us set k? = 1 — b?/a? so that the integral becomes 


(ee — Kee 

of 1— wu? 

If we put t = 1 — k?u?, it is easy to see that the circumference is an algebraic 
multiple of 


; tdt 
1—K2 v/t(t — 1)(t — (1 — k?)) 
which resembles a quasi-period. The curve 


y? =t(t—1)(¢- (1—k*)) 


is not in the Weierstrass form, but can easily be put into that form by changing 
t to t+ (k? — 2)/3. Making this change of variable shows that the circumference 
of an ellipse with algebraic major and minor axes is given by an algebraic linear 
combination of a period and a quasi-period of an elliptic curve defined over 
Q. Since it is non-zero, by the Schneider-Lang theorem, the circumference is 
transcendental. We shall see later that this circumference is related to some 
hypergeometric series. 

In another set up, the regulator Rx of a number field K with positive unit 
rank measures the volume of the unit lattice of Ox. But the transcendence of 
Rx is not known except for real quadratic fields. In a later chapter, we shall 
see that Schanuel’s conjecture implies that Rx is transcendental. 
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Exercises 


1. If a £0 is algebraic, show that tana is transcendental. Deduce that 


i dx 
9 14+2? 


is transcendental for any non-zero algebraic a. 


2. Show that if 0 <a <1 and a is algebraic, then the integral 


a 
| dx 
0 Vl—-2? 
is transcendental. 


3. Let a be algebraic and satisfy 0 < a < 1. Show that if0 <k<landk is 
algebraic, then the integral 


[ adx 
0 (1-2?) — ka?) 
is transcendental. What happens if k = 1? [Hint: put 2? = 1—1/t.] 
4. Prove that the integral 
i? dx 
1 vVar—1 


is transcendental. 


Chapter 14 


The Modular Invariant 


We begin with a discussion of an important result in complex analysis called 
the uniformisation theorem. We have shown how to associate a o-function with 
a given lattice L. Thus, gz = go(L),g3 = g3(L) can be viewed as functions on 
the set of lattices. For a complex number z with imaginary part S(z) > 0, let 
L, denote the lattice spanned by z and 1. We will denote the corresponding 
92,93 associated with L, by g2(z) and g3(z). Thus, 


go(z)=60 S) (mz+n)*, 
(m,n)4(0,0) 
and 


g3(z) = 140 x (mz+n)-8, 
(m,n)A(0,0) 


We set 
A(z) = ga(z)° — 2793(z)? 


which is the discriminant of the cubic defined by the corresponding Weierstrass 
equation. We first prove: 


Lemma 14.1 A(z) 40. 


Proof. This is equivalent to showing that the roots of the cubic equation 


42° — go(z2)e — g3(z) = 0 


are distinct. But we have already seen this in Proposition 11.5 of Chap. 11. 
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We now introduce the important j-function defined as 


g2(z)° 
g2(z)> — 2793(z)? 


which by the previous lemma is well defined for every z in the upper half-plane. 
We will use the modular invariant to address the following question: given two 
complex numbers A, B, with A? — 27B? 4 0, does there exist a lattice L with 
g2(L) = A, 93(L) = B so that its Weierstrass function satisfies the equation 


j(z) := 1728 


g!(z)? = 49(z)* — Ap(z) — B? 


As mentioned in the beginning, we can view gg and g3 as functions on the 
set of lattices. Let L be a lattice spanned by two periods w1,w 9. If we replace 
W1,W2 by Aw1, Awe with A € C*, we get another lattice denoted by AL. The 
92, 93 of this new lattice AL get changed by a factor of \~* and \~® respectively 
and the corresponding elliptic curve is 


y? = 4a? — X~*$ gon — A~® gs. 


However if we change variables and replace x by A~?x and y by \~3y, we find 
that we are reduced to the same Weierstrass equation as we started with. 

Now suppose that L is a lattice generated by w1,w2 which are linearly inde- 
pendent over R. Hence S(w;/w2) 4 0 and by changing signs appropriately, we 
can arrange that this lies in the upper half-plane: 


H:={z=a+iy:2,yER,y > 0}. 


Let S'L2(Z) be the group consisting of 2 x 2 matrices with integer entries 
and determinant 1, that is 


SL2(Z) =\o= (é y Ja.bed € Z,ad—be=1} 


Then every such ¢ acts on a basis [w1,w2] of L by sending it to 
[aw + bwe, cw, + dwe| 


which generates the same lattice. Thus, the fundamental periods are not 
uniquely determined by the lattice. Conversely, two fundamental pairs [w, we] 
and [w/,w4] generate the same lattice only if they are congruent modulo the 
above action of S'L2(Z). 

The above action of SL2(Z) on the bases induces an action on the upper 


half-plane: 
a bd az+b 
Zs ; 14.1 
( ‘) etd Gel 


Recalling that for any z € H, go(z) and gs(z) are precisely the gz and g3 asso- 
ciated with the lattice LZ, spanned by z and 1, we have 


mn (SZ) = (ee atone) 


cz + 
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and 


Thus the modular function j(z) satisfies 


fazt+b 256) 
ING +d) ae 
and hence is invariant under the action of SL2(Z). 
We now determine a fundamental domain for the action of S£2(Z) on H. 


More precisely, we show that any z in the upper half-plane is equivalent to a 
point in the following region 


This we show as follows. First note that for any z © H and 


a b 
o= : i) € SL2(Z), (14.2) 
the imaginary part of o.z is given by 
S(z) 
S(o.z) = 5 14.3 
Sia) \cz + d|? ( ) 


Now let us isolate two distinguished elements T and S' of SL2(Z) given by 


Ls 2 0 -1 
ra(t 2) aa sa(2 73). “ 
We see that Tz = z+ 1 and Sz = —1/z. Let z € H be arbitrary. If S(z) > 1, 


repeated application of T ensures that z is equivalent to a point in the above- 
mentioned region. If S(z) < 1, we chose 


o= é € SL(Z) (14.5) 


such that |cz + d| is minimum and hence S(c - z) is maximum (this is possible 
as Z is discrete). Let w= oa-z. As before, applying T repeatedly to w ensures 
that w and hence z is equivalent to a point zo with F(z) € [-1/2,1/2]. Note 
that S(w) = S(zo). We claim that |zo| > 1. For otherwise, 


S(S ‘ 0) = Teo? > S(w), 


contradicting the maximality of S(w). Hence any z in the upper half-plane is 
equivalent to a point in the region 


One can show that if two points in this region are equivalent under the action 
of SLo(Z), then they lie on the boundary (see exercises below). We call this 
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region the standard fundamental domain for the action of SL2(Z) on the upper 
half-plane. With a little more effort, one can deduce that S'L2(Z) is generated 
by the matrices S and T. 

Since the modular function j(z) satisfies 


_fazt+b . 

j (=5) = j(2) 
and hence is invariant under the action of SL2(Z), it defines a function on the 
quotient space H/SL2(Z) to C. We will prove later that the modular function 
takes every complex value (in fact, exactly once) on this quotient space. Note 
that the value zero implies the vanishing of g2(z). Assuming this fact, we can 
complete our proof of the uniformisation theorem as follows. 

If we are given (A, B) = (0, B) with B non-zero, we first choose zo so that 

g2(Zo) = 0. Since A(zo) 4 0, we have g3(zo) 4 0. Now choosing A such that 


A ©93(z0) = B, 


the lattice [Azo, A] does the required job. 

If A 4 0, we proceed similarly. Let a = B?/A3. Observe that a 4 1/27 since 
A? —27B? # 0. Choose 20 so that j(z9) = 1728/(1—27a). We can now multiply 
g2(zo) and g3(zo) appropriately to arrange A~°g3(zo) = B and A~*go(zo) = A. 
This completes the proof. 

It remains to show that the j-function takes on every complex number pre- 
cisely once. We begin by introducing the Bernoulli numbers. These are defined 
by the formal power series expansion: 


For example, Bo = 1, Bi = —1/2, Bz = 1/6, B3 = 0 and so on. One can show 
that Bo,4,; = 0 for k > 1. Clearly these numbers are rational numbers. Our 
interest is to relate these to the values of the Riemann zeta function. We follow 
the exposition given in [109]. For R(s) > 1, the Riemann zeta function ¢(s) is 
defined as 


This should not be confused with the Weierstrass ¢-function! 
Following Euler, we begin by observing the product expansion for sin z: 


0° 2 
: 1 z 
sin z = z | | - : 
nen 


n=1 


Taking logarithmic derivatives of both sides gives the following expansion for 
z¢rZ, 


Co 


1 2z 
cot z =  2age + (14.6) 


n2 72° 
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Thus one has the following expansion around the origin, 


oo 2k co 2k 
zeotz=1— 257 >) ae = 1-2) C(2k) Se. (14.7) 
k=1 


n=l1k=1 


The left-hand side is ; ; 
iz(e* +e7*) 


ez = e—iz 
which can be rewritten as 
iz(e""* +1) Qiz 
aa ea 
This is easily seen to be 
Co ie 
(2iz)* 
w+ S- By Bl 
k=0 


We immediately deduce: 
Theorem 14.2 If ¢(s) is the Riemann zeta function, then for k > 1, 


mi)2k 
¢(2k) = Ba 


In particular, each of these values is a transcendental number. 


It is interesting to note that this derivation also shows directly that Box4, =0 
for k > 1 and that (—1)**'Ba, > 0. In particular, we deduce from Theorem 


14.2 that 


n m4 7 


(=5, ca=E and (6) =F. 


We would like to relate these observations to the Eisenstein series G4, Gg 
introduced earlier. From Eq. (14.6), we see that 


toe 1 1 
trz = — . 
m cot mz “+> (sats) 


m=1 


271z 


On the other hand, writing gq = e“™’*, we have 


COS TZ +1 274 — 
T cot Tz = 1— = int =in =in ant g™ 
sin Tz q-1 l-q ver 


Comparing this with (14.6), we obtain 
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By successive differentiations of the above, we get the following formula (valid 
for k > 2): 


Theorem 14.3 
= 1 


S- manF 7 2ri) poe 


m>=—Cco 


Using this result, we will obtain the following expansion of the Eisenstein 
series: 
Gox(z) = S- (mz + n) 2", 


(m,n)A(0,0) 


Indeed, separating out m = 0 from m # 0, we get 
Gox(z) = 2¢(2k) +2 S7 SO(mz +n), 
m=1neZ 
and using the previous theorem with z replaced by mz, and k& replaced by 2k, 
As —2ni)? 2-1 gad. 
Goe(z) = 2¢(2k) + aa hor 3 yey 


If we define the function 


n) = Sid" 


d|n 
we may write this expansion as follows. 
Theorem 14.4 
Gox(z) = 2¢(2k) + alent) os o = einiz 
2k @k—1! =i) 2k—1( » @= ; 


This is the Taylor expansion of Gx at too, once the one-point compactifica- 
tion of H is endowed with a suitable Riemann surface structure. 

We would like to relate this to gg and gg defined earlier. Indeed, an easy 
calculation shows that 


A(z) = (2n)'2(q — 24q? + 25293 — 14729g4 +---). 


The coefficients of the power series in the brackets define the Ramanujan 
7T-function. Furthermore, it can be shown that 


S~ r(n)g” = (q — 24g? + 252g? — 1472g4 + ---) = a TJ —a")*. 


n=1 n 


Il 
un 
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The Ramanujan 7-function has played a central role in the development of 
modern theory of automorphic forms. It is an important conjecture, due to 
Lehmer, that 7(n) is never equal to zero. 

These expansions for Gj, and A are enough to prove that the modular func- 
tion 7 takes every complex value precisely once. For this, v we view 7 as a mero- 
morphic function on the compactified Riemann surface H/T where [ = SL2(Z). 
We refer to [112] for a detailed topological as well as analytic description of this 
space. The map 


Zz >q= e272 
gives the local parameter at ioo. In other words, for any T-invariant analytic 
function f on H, we first express f as a function of g by composing with the local 
inverse of the map z > q. This defines an analytic function on the punctured 
unit disc 0 < |g| < 1. The behaviour of this function at the origin determines the 
behaviour of f at zoo. Recalling the definition of 7 and using the q expansions 
for A and G4, we have the following q expansion for the 7 function: 


1 
j(2) = 2 + 744 + 196884q-+--- 


Thus the j function has a simple pole at too. Since a meromorphic function on 
a compact Riemann surface has an equal number of zeros as poles, we see that 
the equation 7(z) = c has exactly one solution since 7 has only a simple pole 
at too. In other words, the j function defines an analytic isomorphism between 
the compact Riemann surface H/T and the Riemann sphere CP). 

Finally, let Z and L’ be two lattices with the same invariants, i.e. go(L) = 
g2(L’) and g3(L) = g3(L’). Then their respective Weierstrass o-functions have 
the same Laurent expansion at the origin (see Exercise 2 of Chap. 10) and there- 
fore must agree everywhere. Thus, they must have the same set of poles and 
hence L = L’. 

This completes the proof of the uniformisation theorem and we record this as: 


Theorem 14.5 Let A,B be two complex numbers such that A? — 27B? # 0. 
There exists a unique lattice L with go(L) = A,g3(L) = B and an associated 
g-function that satisfies 


go! (z)? = 4p(z)® — Ag(z) — B. 


As indicated before, we shall call L to be the period lattice of the elliptic 
curve y? = 423 — Ax — B. 
We now define the j-invariant associated with the elliptic curve 


E: y’=42°-—Ar—B 


as j(E) = 1728A3/(A? — 27B?). 
Suppose that we are given two period lattices L and L* with corresponding 
Weierstrass functions g and g*, as well as corresponding g2, g3 and 93,93. We 
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would like to determine when the corresponding elliptic curves are isomorphic. 
That is, when is there an analytic isomorphism 


¢o:C/L4C/M 


where ¢ is also a group homomorphism? 

Let us first try to characterise analytic maps between such tori. Since the 
natural maps from C to the quotients C/Z and C/M are universal covering 
maps, any such analytic map 


¢:C/L3C/M 


lifts to an analytic function b :C —C. Now for any w € L, consider the function 


fulz) = $(z +w) — d(z). 


This analytic function is mapped into M and hence is constant. Differentiating, 
we see that ¢’ is an analytic elliptic function with respect to the lattice ZL and 
therefore is also constant. This implies that (z) is of the form az +b for some 
a,b €C. Since ¢ is the lift of the map 6: C/L-C/M, we see that al C M. In 
other words, every analytic map 


@:C/L>C/M 
is necessarily of the form 
o(z+L)=az+b+M 


where aL C M. Clearly, ¢ is invertible if and only if al = M. Finally, if we 
require ¢ to be a group homomorphism, then ¢(0) = 0 and hence 


o(z+L)=az+M. 
We record these observation in the following theorem. 


Theorem 14.6 If ¢ : C/L — C/M is an analytic homomorphism, then 
o(z+L)=az+M for some complez number a and aL C M. In particular, 
two lattices L and M give rise to isomorphic elliptic curves if and only if there 
is a complex number a such thataL = M. 


Any non-zero analytic homomorphism between elliptic curves is called an 
isogeny. Further, we say two lattices L, M are homothetic if aL = M for some 
complex number a. Clearly this is an equivalence relation. The above theorem 
says that there is a one-to-one correspondence between isomorphism classes of 
elliptic curves over C and homothety classes of lattices of rank 2 over R. 

From this theorem, we will deduce that two elliptic curves are isomorphic if 
and only if their j-invariants are equal. One way is obvious, namely if Fy, and 
E are isomorphic, then their corresponding lattices are homothetic and hence 
j(E1) = j(E2). 
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To establish the converse, recall that for a given lattice L, there exists a 
basis [w1,we] with 7 = w/we in the upper half-plane H. Thus any lattice is 
homothetic to a lattice of the form ZL, = Zr + Z where 7 € H. Further, for any 
two points 7 and 7’ in H, 2, and L, are homothetic if and only if there exists 
ao € SLo(Z) such that o.r = 7’. This means that elements in the quotient 
H/SL2(Z) can be identified with the set of lattices up to homothety. 

Now let £1, E> be two elliptic curves with j(£,) = j(£2). Let their corre- 
sponding lattices be Z and M respectively. Suppose that they have the same j 
invariant. By the above theorem, EF), E2 are isomorphic if L and M are homo- 
thetic. Recall that for the lattice L, there is a unique point 7 in H/SLZ2(Z) such 
that L is homothetic to L; = Zr + Z. Let r’ be such point in H/SL2(Z) such 
that M is homothetic to L,,. But since j(£1) = j(E2), we have j(r) = j(7’). 
By the injectivity of 7 on H/SL2(Z), we deduce that 7 = 7’. Thus L and M 
are homothetic and hence FE, and E2 are isomorphic. This proves: 


Theorem 14.7 Two elliptic curves E, and E2 are isomorphic over C if and 
only if j(£1) = j(E2). 


Theorem 14.6 allows us to study the endomorphism rings of elliptic curves. 
Let E be an elliptic curve with period lattice given by L = [w1,we] with r = 
w/w2 € H. Then as observed before, all analytic homomorphisms 


¢:C/L3C/L 


are of the form ¢(z+L) = az+L for some a satisfying aL C L. In other words, 
each endomorphism corresponds to a complex number a satisfying 


aw, = aw, +bwe, aw, = cw, + dw2 


for integers a,b,c,d. In particular, a is an eigenvalue of a matrix with integer 
entries. Thus it is an algebraic integer of degree at most two over Q. Clearly 
End(£) contains an isomorphic copy of Z since the maps z +> nz have the 
property that nZ C L. 

If End(£) is larger than Z, then let a € End(F) be such that a ¢ Z. Working 
with the homothetic lattice L, = [r, 1], the above equations read 


at=at+b, a=cr-+d. 


This implies 
tT(cr +d) = (ar +0). 


Since a ¢ Z, we have c# 0. This means that 7 is an algebraic number of degree 
2 and Q(a) = Q(r). Note that 7 lies in the upper half-plane and therefore 
generates an imaginary quadratic field. Hence the ring of endomorphisms of FE 
can be identified with a subring of the ring of integers of an imaginary quadratic 
field. 

Thus we may partition elliptic curves into two groups, those whose endo- 
morphism ring is isomorphic to Z and those for which it is larger. In the second 
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case, aS we observed above, the endomorphism ring is a subring of an imaginary 
quadratic field Q(r). Furthermore, such a subring is an order in the imaginary 
quadratic field k = Q(r). We recall that an order O in a number field K is a 
subring (with unity) of the ring of integers Ox which also contains a Q-basis 
of Kk. In such case, we say E is a CM curve (CM standing for complex mul- 
tiplication) and in the former case, we say the curve is non-CM. Points 7 in 
the standard fundamental domain D for which Q(r7) is an imaginary quadratic 
field are sometimes called CM points for obvious reasons. One can be a bit 
more precise. If O is such an order in k, then O = Z+ fO, for some positive 
integer f. This integer f is called the conductor of O. 

Now for any order O in a number field K, the group of invertible fractional 
ideals of O modulo the subgroup of principal ideals forms a finite abelian group. 
This is called the Picard group of O. For instance, if O is equal to the ring of 
integers Ox, then its Picard group is the usual ideal class group of K. 

Let O be an order in an imaginary quadratic field k. Then it is known that 
the set of isomorphism classes of elliptic curves EF over C whose endomorphism 
ring End(£) is equal to O is in bijection with the Picard group of O (see [36], 
for instance). 


Exercises 


1. Show that SZ2(Z) is generated by the matrices 


€ i) and G “a 
2. Prove that any two interior points of the region 
D={S(z)>0, -1/2<R(z)<1/2, |] > 1, 
are inequivalent under the action of SL2(Z). 


3. Justify the interchange of summations in formula (14.7). 


4. Let D* be the compactified upper half-plane modulo SL2(Z). Show that 
any meromorphic function on D* has only a finite number of zeros and 
poles. 


5. Prove that any meromorphic function f on the upper half-plane satisfying 


5(S55) = f(z) 


cz+d 


( : 1) € Sha) 


is a rational function in 7. 


for all 


6. If O is an order in an imaginary quadratic field k, then show that O = 
Z-+ fO; for some positive integer f. 


Chapter 15 


Transcendental Values 
of the 7-Function 


Let L and M be two lattices with corresponding Weierstrass functions g and ¢*. 
We begin by showing that if o and o* are algebraically dependent, then there 
is a natural number m such mM C L. Indeed suppose that g and g* are as 
above and there is a polynomial P(x, y) € C[z,y] such that P(g, 9*) = 0. Then 
for some rational functions a;(#) and some natural number n, we have 


p(z)” + dn-1(9*(z)) fz)" +--+ + a0(@*(z)) = 0. 


Choose zp € C so that o*(zo) is not a pole of the a;(z) for 0 <i <n—-—1. This 
can be done since the a;(z) are rational functions and so there are only finitely 
many values to avoid in a fundamental domain. Then 


9(20)” + dn—1(9*(z0)) @(z0)”* + +++ + ao(p* (z0)) = 0. 
If w* € M, then we get 
(zo + w*)” + an—1(9*(z0)) (zo + w*)"! + +++ + a0(~*(z0)) = 0. 


Thus o(zo + w*), as w* ranges over elements of M, are also zeros of the poly- 
nomial 


2” + dn_1(@*(z0))2™ | +--+ + ao(p*(20)) = 0. 
In particular, this is true of multiples of wf and w5. We therefore get infinitely 


many roots of the above polynomial equation unless mM C LF for some positive 
natural number m. We record these observations in the following. 
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Theorem 15.1 Let L and M be two lattices with corresponding Weierstrass 
functions g and g*. Then og and * are algebraically dependent if and only if 
there is some natural number m > 0 such that mM C L. 


Proof. We have already established the “only if” part of this assertion. For the 
converse, suppose that mM C L. Then o(mz) is periodic with respect to M. 
Thus it is an even elliptic function with respect to M. As noted in an earlier 
chapter, this means that it is a rational function in o*. On the other hand, 
(mz) is also a rational function in g(z). Thus, g and * are algebraically 
dependent. This completes the proof. 


We are now ready to prove the following theorems due to Schneider. 


Theorem 15.2 Suppose that 9 and g* have corresponding g2,93 and 95,93 
algebraic and assume that they are algebraically independent. Then 


(2), @*(z) 
cannot take algebraic values simultaneously. 


Proof. Let us suppose that zo is such that both o(z) and *(z) are algebraic. 
Let K be the field generated by 


92; 931 92,93, P20); (20), 9" (Zo), * (20). 


We apply the Schneider—Lang theorem with the functions 

9, 0,9", 9" . 
By hypothesis, g and * are algebraically independent. The Schneider—Lang 
theorem says that there are only finitely many complex numbers for which all 
these functions take algebraic values in K. But this is a contradiction since they 


take algebraic values in K for the points nz as n runs over an infinite family 
of integers. This completes the proof. 


Theorem 15.3 [fa is an algebraic number in the upper half-plane which is not 
a quadratic irrational, then j(a) is transcendental. 


Proof. Let w ,w2 be such that w;/w2 = a. Suppose that j(a@) is algebraic. 
Replacing w1,w2 by Aw, Aw2 we can arrange go = 1 if j(a) 4 0 and g3 = 1 if 
j(a) = 0. In this way, we can arrange g2,g3 algebraic. Thus without loss of 
generality, we may work with a lattice L = [w1,w2] with algebraic invariants 
such that w1/w2 = a. Now let wi = aw,,w> = aw, and denote by M the lattice 
spanned by wi,w3. Thus, g3 = a74go, and g3 = a~°gs. Also, 


p* (az) = a *9(z). 
In particular, setting z = w2/2 gives 


p* (w1/2) = a~*p(w2/2) 
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so that both o(w1/2) and »*(w;/2) are algebraic. This contradicts the previous 
theorem unless g and * are algebraically dependent. By Theorem 15.1, this 
means that there is a natural number m such that mM C L. In particular, 


Wy = aw, + bw, ws = cw, + dw 


for some rational numbers a,b,c,d such that ad — bc 4 0. [This is because, 
Ww ,W2 are linearly independent over R, as well as wy, w3.] Thus 


(a )-Ca)(a) 
a = 
Wwe c d We 
which means that a is an eigenvalue of the matrix 

a bd 

c d }° 


Since a,b,c,d are rational numbers, this means that a is a quadratic 
irrationality. 


This means that 7(q@) is transcendental for every algebraic a in the upper 
half-plane which is not quadratic. On the other hand, if Q(a@) is imaginary 
quadratic, that is vw is a CM point, one can show that j(@) is indeed an algebraic 
number. This is really a chapter in class field theory. We give a brief indication 
of why j(a) is algebraic in this case. 

Recall that the ring of endomorphisms End(£) of an elliptic curve E is either 
Z or an order in an imaginary quadratic field. In the latter case, we say the 
curve has complex multiplication. 

Let O be any order in the ring of integers of k = Q(a). As we mentioned in 
the previous chapter, the set of equivalence classes of invertible fractional ideals 
of O forms a multiplicative abelian group called the Picard group of O and there 
is a one-to-one correspondence between isomorphism classes of elliptic curves 
whose endomorphism ring is isomorphic to O and ideal classes of the Picard 
group of O. This correspondence is given by taking an ideal a of a given class 
and considering the elliptic curve C/a. It is a standard theorem of algebraic 
number theory that this group is finite. 

Now consider the lattice L = Za+Z and let E, be an elliptic curve whose 
period lattice is L. Thus j(£a) = j(a). Let End(£,) = O where O is an 
order in the ring of integers of k. Now for any automorphism o of C, let E% 
denote the curve obtained by applying o to g2,g3. Clearly j(£2) = j(Ea)” 
and End(£?) ~ End(£,) = O. But there are only finitely many isomorphism 
classes of elliptic curves with a fixed endomorphism ring. Therefore the set of 
values j(@)° as o ranges over automorphisms of C is a finite set and thus j(a) 
is necessarily algebraic. For a more detailed account, see the books by Lang [77] 
and Silverman [115]. 

In fact, if @ is an imaginary quadratic irrational, then j(q@) is an algebraic 
integer. Furthermore, the degree of j(a) is equal to the class number of Q(a) 
(see [112] or [115]). 
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Let us consider the following interesting example by letting 


9 - LEV=163 
-——. 


The field Q(./—163) has class number one. In fact it is the “largest” imaginary 
quadratic field with class number one. More precisely, there exists no squarefree 
integer d > 163 such that Q(/—d) has class number one. 

Now for any z in the upper half-plane, the j-function has the following 
expansion 


1 
j(z) = — + 744 + 196884q + --- 
qd 
where q = e?"**, In the case z = a, we have 
j(a) = —e7 18 4.744 — 196884e~7 V1 4... 


Now j(a@) must be an ordinary integer as Q(./—163) has class number one. 
Consequently, we have the following curious expression 


e™¥ 163 — 962537412640768743.99999999999925 ... 
= (640320)? +744 +O oa ms) 


and that j(a@) = —(640320)?. Note that e™Y'°? is a transcendental number by 
the Gelfond—Schneider theorem. 


Exercises 


1. Show that 
e™V6T — 147197952743.9999999999 ... 


accurate to ten decimal places. 
2. Deduce that 


t afi 
j (=) = —147197952000. 


3. Show that (i) = 1728. 


4. Show that j((1 + /—3)/2) =0. 


5. Let L be a lattice and g be the associated Weierstrass function. Show 
that for any complex number a, aL C L if and only if e(az) is a rational 
function in ¢. 


6. Show that the group of field automorphisms of C is uncountable. What 
about the automorphisms of R? 


Chapter 16 


More Elliptic Integrals 


We will look at two explicit consequences of Schneider’s theorem on the 
transcendence of periods of elliptic curves defined over the algebraic numbers. 
Let us look at the curve 


y? = 423 — 4, 


i dx 

A J re —1 

This can be related to the classical beta function as follows. Let us first put 
x =1/t to transform the integral to 


One of the periods is 


1 
| eae Er dk 
0 


Putting t? = u changes it to 

Lay 1 

> u*/6(1 — u)~1/2du = = B(1/6, 1/2), 

3 J, 3 
where 

1 
B(a, 6) = u2—1(1—u)?-1du, R(a), R(b) > 0. 
0 


Using the following formula for the beta function 


T'(a)T(b) 
T(a+b)’ 
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one can show that the period is equal to 


T(1/3)* 
24/3q * 


The formula for the beta function is easily derived (see Chap. 18) by putting 
u = cos? @ which transforms the integral into 


nm /2 
2 | cos?*—! @ sin?’-1 @dé. 
0 


Thus by Schneider’s theorem, the number 


T(1/3)° 
7 
is transcendental. 
Another curve to consider is 
y’ = 4a? — 4a. 


One of the periods (say w) is 


i; daz 

1 Ve—x 

By what we have proved, this integral is transcendental. Similarly as above, we 
find that this is 


i? i 1 
> f u9/4(1 — y)-V/? = = B(1/4,1/2). 
2 Jo 2 
By the previous identity involving the beta function, we have 
r/4)? 
w= ‘ 
2/27 
For the above curve 
y? = 4x3 — 4a, 


we have g3 = 0. Since g3(i) = i®g3(i) = 0, its lattice L is given by 
L = Z(iw) + Zw. 


Clearly this has complex multiplication by Z|]. Furthermore, this curve 
corresponds to the point z = 7 in the standard fundamental domain and has 
j-invariant equal to 1728. We therefore deduce that 


3 1 _ 17/48 


(mit+n)4 15 2672 


(m,n)A(0,0) 


as this is simply the corresponding Eisenstein series evaluated at 7. 
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These calculations can be generalised for CM elliptic curves. Indeed, if O is 
an order in an imaginary quadratic field K and EF is an elliptic curve with CM 
by O, then the corresponding lattice L determines a vector space L®Q. This is 
invariant under the action of K. Therefore L@Q = Kw for some w € C” defined 
up to elements of K*. In particular, if O = Ox is the full ring of integers of 
Kk, w is given by the Chowla-Selberg formula: 


w= alr II T(a/dyex(o)/4h 


0<a<d,(a,d)=1 


where a is an algebraic number, w is the number of roots of unity in kK, —d is 
the discriminant of K, y is the quadratic character mod d determined by K and 
h is the class number of kK. We shall come back to the Chowla-Selberg formula 
in Chap. 26. 

In the special case of y? = 42° — 4x, the formula gives 


ona (1/4)P(3/4)-}, 


which is in agreement with our earlier formula once we apply the usual functional 
equations of the I’-function to it. 


Exercises 


1. Show that the beta function B(a, b) can be given in terms of the T'-function 
as I'(a)P'(b)/T(a + 6) for R(a), R(b) > 0. 


2. Define the complete elliptic integral of the first kind by 
nm /2 d 
K(k) = / ee 
0 1 —k2 sin? 0 
Show that K(1//2) =T(1/4)?/4\/r. 


3. The complete elliptic integral of the second kind is given by 


nm /2 
E(k) =| V1—k? sin? 6d0. 
0 


Show that 


E(1/V2) = 03/20(1/4)-? + T(1/4)?/8V7. 


4. Show that 
iL riija)” 


(mp+n)& — 5.7.2876’ 


(m,n)A(0,0) 


where p = 27/3, 


Chapter 17 


Transcendental Values 
of Eisenstein Series 


In this chapter, we will apply the Schneider-Lang theorem to study the 
transcendental values of the Eisenstein series introduced in earlier chapters. 


Theorem 17.1 Let 9 be a Weierstrass g-function with algebraic invariants 
g2,g93 and z a complex number which is not a pole of o. Then at least one of 
the numbers e*°, o(z0) is transcendental. 


Proof. Suppose not. Let K be the field Q(g2, 93, e*, (20), 9'(Z0)). We 
apply the Schneider—Lang theorem to the ring generated by K[f1, fa, f3] where 
filz) = e*, fo(z) = e(z) and fs(z) = g'(z). We need to show that fi, fo are 
algebraically independent, but this is easily done (see for instance, Exercise 1). 
By Schneider—Lang, there are only finitely many values at which these functions 
can simultaneously take values in K. However, since e*° and (zo) are in K, so 
are e”*© and g(nzo) for infinitely many n € N. This completes the proof. 


We remark that if e* is replaced by e°* with 6 algebraic, then a suitable 
modification of the proof leads to: 


Theorem 17.2 Let 9 be as above with algebraic invariants g2,g93. Let 8 #0 be 
algebraic and z a complex number which is not a pole of g(z). Then, at least 
one of e8°, (zo) is transcendental. 


Corollary 17.3 At least one of 


92; 93, B, (a), ef 


is transcendental. 
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In the special case when gz, g3 are algebraic and g(a) and e7 are algebraic 
with 7 4 0, y/a is transcendental. If not, we may apply the corollary with 
8 = y/qa and derive a contradiction. In particular, we deduce that a/7z is 
transcendental for any algebraic point a of g (ie. a@ € C such that g(a) is 
algebraic). Putting a = w/2 where w is a fundamental period, we derive the 
transcendence of w/z. We record this as: 


Corollary 17.4 If a is an algebraic point of e(z) and 8 € 0 is an algebraic 
number, then e°® is transcendental. In particular, a/m is transcendental. 


Bertrand [17] observed that this result can be used to derive results about 
transcendental values of classical Eisenstein series. These were introduced in an 
earlier chapter. But we normalise these as follows. For z € H and q = e?7** 
(thus 0 < |g| < 1), let us define the normalised Eisenstein series as 


Gor (z) 
and hence by Theorem 14.4, 
Ak = 
Fog (q) = 1— ce O2n-1(n)q”. 


n= 
Then we have 


Theorem 17.5 (D. Bertrand) For all complex numbers q with 0 < |q| <1, at 
least one of the numbers E4(q), E6(q) is transcendental. 


Proof. Let z € C with R(z) < 0 such that q = e*. Consider the lattice L 
spanned by 277 and z. This is a rank 2 lattice since R(z) 4 0. The corresponding 
Weierstrass o-function has gz and g3 given by rational multiples of 


S- (mz + 2min)~?* 


(m,n)A(0,0) 


for k = 2,3. By Theorem 14.2, we see that g2,g3 are rational multiples of 
E4(q), £6(q), respectively, where g = e*. Observe that z = iz is an algebraic 
point of g. Since e’” = —1 is algebraic, this contradicts Theorem 17.1. This 
completes the proof. 


We now describe some recent work of Nesterenko that generalises the theorem 
of Bertrand and as a consequence proves the algebraic independence of 7 and e”. 
With Ramanujan, we introduce the Eisenstein series 


E2(q) =1- 245 o1(n)q”. 
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Nesterenko proved: 

Theorem 17.6 ([84]) For each q € C, 0 < |q| < 1, at least three of the numbers 
q, E2(q), Ea(q), Eo(q) 

are algebraically independent over Q. 

An immediate consequence is the following: 


Corollary 17.7 If q is an algebraic number with 0 < |q| < 1, then E2(q), 
E4(q), Ee6(q) are algebraically independent over Q. In particular, each of these 
numbers is transcendental. 


Another corollary is the following result originally conjectured by Mahler 
(see [81]) and first proved by Barré-Sirieix et al. [15] in 1995. 
Corollary 17.8 For any t € H, at least one of the two numbers e2""* 
is transcendental. 


and j(r) 


This follows from the identity 


E4(q)3 _ .2ritr 
3 2 9 qd e€ 
E4(q)? — Ee(q) 


which can be easily derived from the definitions of E, and Eg. 

The proof of Barré-Sirieix et al. is based on modular arguments, different 
from those developed by Nesterenko. In this set-up, there is a general conjecture 
by Manin (see [82]) which states that for any algebraic number a different from 
O and 1 and any 7 in the upper half-plane H, at least one of the two numbers 
a? and j(rT) is transcendental. Here, a7 = e7!°8% with any fixed choice of a 
branch of logarithm. This conjecture is open. 

Another important consequence of Nesterenko’s result is: 


j(T) = 1728 


Corollary 17.9 Let o(z) be a Weierstrass o-function with algebraic invariants 
92,93. Let w1,wW2 be its fundamental periods with w,/w2 € H. Let n,,n2 be the 
corresponding quasi-periods. Then, 


2ri(wi/we2) 


€ ,W2/T, 2/7 


are algebraically independent over Q. 


To deduce the corollary from Theorem 17.6, we use the fact that for q = 
e27i(w1/H2) we have 


3 _ 27 W92 


F4(q) = = E4(q) = 1 (2) 0 E6(q) = 8 (2)" os. 


The last two are clear from our previous analysis. The first requires proof 
and this is somewhat delicate since £2 is not a modular form (see [77], 
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for instance). These formulas imply that F2(q), E4(q), E6(q) are algebraic 
over the field Q(we/7, 2/7). But by Theorem 17.6, the field generated by 
q, £2(q), E4(q), Ee(q) has transcendence degree 3. The corollary now follows. 
We add that the algebraic independence of the two numbers w2/m and 12/7 
was first established by Chudnovsky. 

An interesting situation arises in the complex multiplication case. Let us 
first prove the following lemma proved by Masser [83]. 


Lemma 17.10 Let (z) be a Weierstrass g-function with algebraic invariants 
g2,g93 and complez multiplication by an order in the imaginary quadratic field k. 
Let w1,w2 and 1,72 be certain fundamental periods and quasi periods, respec- 
tively. Then w, and m are algebraic over the field Q(we, 2). 


Proof. Let K = k(g2,93). Since T = w1/we € k and lies in H, it satisfies an 


equation 
ar? +br+c=0 


with co-prime integers a,b,c and a 4 0. Let 
cN2 — aT = AW} 


for some a in C. We will show that a € K and this will prove the assertion. 
Let f be the function defined as 


f(z) = -c ¢(az) + ar¢(arz) + ataz. 


Then 


f(z+we) — f(z) = -can 4 a’rm + aTawW, = 0. 


Further since 
aTWy, = —bw, — cW2, 


a similar calculation shows that f(z-+w1) = f(z). Thus, f is a doubly periodic 
function with respect to the lattice L of @ and hence is a rational function in ¢(z) 
and @/(z). Now for any embedding o of K (qa) in C fixing K, we can construct a 
new function f? by acting o on the Laurent expansion of f around the origin. 
This again is a rational function in g(z) and @’(z) as o fixes g and o’. Thus 


f(z) — f° (2) = ar2z(a— o(a)) 


is also an elliptic function and hence a = o(a). Since o is arbitrary, we see that 
ack. 


From this and using the Legendre relation 


Wi. — Wm = 277, 
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Corollary 17.11 Let g(z) be a Weierstrass o-function with algebraic invariants 
g2,g93 and with compler multiplication by an order of the imaginary quadratic 
field K. Let w be a non-zero period and 7 the corresponding quasi-period. Then 
for any tT © K with S(r) #0, each of these sets 

{r,w,e"} and {w,n,e2 7} 


is algebraically independent over Q. 


Applying this corollary to the two elliptic curves 
y? = 423 — de 


and 
y? = 4a? —4 


considered earlier leads us to: 


Corollary 17.12 Each of the sets 
{r,e,T(1/4)}, {x e"¥3,T(1/3)} 


is algebraically independent over Q. In particular, m and e” are algebraically 
independent. The same holds for 7,0 (1/3) and for 7,T(1/4). 


We reiterate that the algebraic independence of {7, ['(1/3)} as well as that 
of {7, [(1/4)} was first established by Chudnovsky. We note that this is the 
only known way of deducing the irrationality of ['(1/3) and I'(1/4). 


By the theory of complex multiplication, we know that for any squarefree 
natural number D, there is an elliptic curve with algebraic invariants and with 
complex multiplication by an order in Q(/—D). Thus we deduce: 


Corollary 17.13 For any positive integer D, the numbers 


VD 


7 and e” 


are algebraically independent over Q. 


In a later chapter, we shall apply Nesterenko’s result to study the values 
taken by modular forms defined over number fields. 
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Exercises 


. Show that e* and o(z) have different orders. 


. If 8 is algebraic and g is a Weierstrass -function with algebraic invariants, 


show that (277) is transcendental. 


. Prove that e* and the Weierstrass ¢-function are algebraically independent. 


. Ifais an algebraic point of the Weierstrass ¢ function and £ is an algebraic 


number, show that e® is transcendental. 


. If g has algebraic invariants g2, g3, show that 1/7 is transcendental, where 


” is a non-zero quasi-period of ¢. 


. Let y £0 be a real number. 


. 2 us 
(a) Prove that \C'(éy)| = ysimh(y)* 
(b) For y rational, show that I'(iy) is transcendental. 


(c) For D > 0 squarefree and any non-zero y in Q(VD), show that T'(iy) 
is transcendental. 


. For any non-zero y € Q and n EN, show that I'(n + ty) is transcendental. 


. For D > 0 squarefree and non-zero y € Q(VD), show that I'(n + iy) is 


transcendental. 
. Let y ER. 
li; -_ us 
(a) Prove that |T(5 + éy)|? = satay: 


(b) For y € Q, show that (5 + iy) is transcendental. 


(c) For D > 0 squarefree and y € Q(VD), show that I'(4 + iy) is 
transcendental. 


Chapter 18 


Elliptic Integrals 
and Hypergeometric Series 


We have already discussed briefly the problem of inversion for the Weierstrass 
g-function. In this way, we were able to recover the transcendental nature of 
the periods whenever the invariants g2,g3 were algebraic. We now look at the 
calculation a bit more closely. Before we begin, it may be instructive to look at 
a familiar example. Clearly, we have 


sin b dy 
0 Vi-y 


But how should we view this equation? Since sin b is periodic with period 27, we 
can only view this as an equation modulo 27. If sin} is algebraic, then, we know 
as a consequence of the Hermite—Lindemann theorem that b is transcendental. 
In this way, we deduce that the integral 


b= 


ee. 
0 1—y? 
is transcendental whenever a is a non-zero algebraic number in the interval 
(—1, 1]. 

A similar result can be obtained for incomplete elliptic integrals. Recall that 
we have written our elliptic curve as 
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To reiterate, it is appropriate to consider the extended complex plane with the 
point at infinity added and to look at paths in this region (see [67]). With this 
in mind, as before we obtain 


(2) dx 
2a}, 
ee) / 4x3 — goxr — 93 


which is again to be interpreted as up to periods. 
We will need the following fact: For s with 3(s) > 0, we have 


and putting x = t? gives 


a dt 
I(s) = 2 | Pr = 
0 t 


We will use this to show the following for a,b > 0. 


T(a)T'(b) 


n/2 
2 29-1 9 sin??? 9d = ~~. 
| cos sin T(a +5) 


Indeed, we calculate 


T(a)T (6) = 1/ i p24 1y20-! exp(—a2? — y”)\dady, 
0 Jo 


and switching to polar co-ordinates, we get that this is 


oo d nm /2 
2 | p2at2b er 2 f cos?*—! 6 sin??-! 6dé. 
0 0 


r 
The special case a = b = 1/2 shows that ['(1/2) = ./z. 
We can consider our elliptic curve in Legendre normal form, that is, of 


the form 
Ex: y?=2(¢—-1)(4— 4) 


where A € C\{0,1}. In fact, this change of variable works over any field of 
characteristic not equal to 2. The j-invariant of EF is easily computed (see 
exercise below): 

98 (2 =a 1? 


j(Bd) = MOsT2 


If we change x to Ax and y to \3/?y, then the curve is isomorphic over C to 


y? = a(x — 1)(x — 1/2). 
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Notice that if A is algebraic, then the change of variables is again algebraic. 
Thus, we may suppose (without any loss of generality) that there is a model for 
E with |A| < 1. We may express the periods (see [67], for instance) as 


? dx 
Wy A) = 
0) [. V x(a — 1)(a — 2) 


and 


ca dx 
ON / Jie=De= a. 


We now recall the hypergeometric series: for a,b € C and c € C\N, we define 


where 
(a)n =a(a+1)---(a+n-1), (a)o =1. 


A straightforward application of the ratio test shows that this series converges 
absolutely for |z| < 1 (see exercises below). Thus, it represents an analytic 
function in this disc. 

It is clear that F'(a, b,c; z) = F'(b, a,c; z) and that 


F(a,b,b;z) =(1—2z)™. 
It is also not hard to see that 


F(a,a,1;2) > @e 


n=0 


The hypergeometric series satisfies the following differential equation: 
2(1—z)P" + (c-—(a+6+1)z)F’ —abF =0. 
Theorem 18.1 For a complex number with |A| < 1, 


nm /2 
2 | (1 — Asin? 6)~1/2d@ = nF (1/2,1/2,1; 2). 
0 


Proof. We use the binomial theorem to expand the integrand as 


+ 2 q\—-1/2 ~ —1/2 R etn 2h 
(1 — Asin* 6) nay : (—A)" sin*” 0. 


Integrating this term by term and using Exercise 1, we get the result. 


Let us again consider the integral 


dx 
00)= fee 
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Putting x = 1/t,t = s,s =sin@ in succession, transforms the integral into 


[5 i(1 —f) asf eer 


= mF (1/2,1/2,1; A) 


nm /2 dé 
0 wV1—Asin?0 


A similar calculation for w;(A) shows that the other period is 


= inF(1/2,1/2,1,1— 2). 


o dx 
a \/u(x — 1)(a — A) 


In the case A = 1/2, observe that w1(1/2) = iw2(1/2) and hence the quotient 
of these two periods is equal to i. An immediate consequence of Schneider’s 
theorem is 


Theorem 18.2 For algebraic \ with || < 1, both the numbers 
F(1/2,1/2,1,) and F(1/2,1/2,1,.) 
are transcendental. 


Proof. The first number is transcendental since it is a period of an elliptic 
curve defined over Q. The second number is transcendental since it is this 
period divided by z. 


Recall that in calculating the circumference of an ellipse with major axis and 
minor axis of lengths a and 8, respectively, we show that it is given by 


if” Va? cos? 0 + 6 sin? Odd = af” ee ) sin? 649, 
as is easily seen by putting cos? @ = 1 — sin? 6. We can re-write this integral as 
nm /2 
4a | V1— Asin? 6d0, 
0 


where \ = 1 — b?/a?. We may expand the integral via the binomial theorem 


to get 
Bi 4D 
ta f sae / ) (-1ynn" sin?” 6a. 
0 


nr 
n=0 


Using the result 


T(a)P(b) 


nm /2 
2 cos??—1 9 sin?’-1 99 = ~*~ —, 
if a T(a +6) 
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we see that we may apply this with a = 1/2,b=n+1/2 to get 


MID ioe pie ML AE 172) 
2 f sin“” 0d@ = Tin +1) ; 


The last term can be re-written as 


P(1/2)(m + 1/2 = 1)(m + 1/2— 2) +++ (n+ 1/2— m)P(1/2) _ 7(1/2)m_ 


n! n! 


Putting this all together, we obtain: 


Theorem 18.3 The circumference of an ellipse with major and minor axes of 
lengths a and b, respectively, is 


ona) ("”) (-1y" 2 yn 
n=0 . 
where \ =1—b?/a?. 


The series is in fact a hypergeometric series as is easily seen by noting that 


car (1?) = Cue 


n n! 
Thus, the circumference of the ellipse is 
2naF(—1/2,1/2,1; 2). 


There has been some work in trying to determine for which arguments the 
general hypergeometric function takes transcendental values. In the case a, b,c 
are rational numbers, with c 4 0,—1,—2,..., a theorem of Wolfart states that 
if F(a,b,c;z) is not algebraic over C(z) and its monodromy group is not an 
arithmetic hyperbolic triangle group, then there are only finitely many values 
of z € Q for which F(a, b, ¢; z) is algebraic. 


Exercises 


1. Show that for any natural number n, 


1/2 _1 
a sin?” 6d0 = (—1)” ( 2 i: 
0 n 


2. Show that the area of the ellipse given by 


y 


x 
a eas 


is wab. 
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3. Show that the j-invariant of Ey is given by 
28(\? — +1) 
eee A, 
i(Ba) A — 1)? 
4. Determine the radius of convergence for the hypergeometric series. 
5. Show that F(a, b, b; z) = (1 — z)~*. 
6. 


F(a,a,1;z) = > (aye 


n=0 


Chapter 19 


Baker’s Theorem 


In this chapter, we will discuss the following theorem due to Baker. 


Theorem 19.1 ((8]) [f ai,...,Qm are non-zero algebraic numbers such that 
loga,,...,logam are linearly independent over Q, then 
1, loga;,...,logam 


are linearly independent over Q. 


Observe that the case m = 1 is a consequence of the Lindemann—Weierstrass 
theorem. The case m = 2 implies the Gelfond—Schneider theorem. In 1980, 
Bertrand and Masser [18] proved an elliptic analog of Baker’s theorem. For a 
Weierstrass g-function with algebraic invariants gz and g3 and field of endomor- 
phisms k, the following set 


Le={aeC: g(a) € QU {o}} 


is referred to as the set of elliptic logarithms of algebraic points on E. Here E 
is the associated elliptic curve. Let L be the lattice of periods. The k-linear 
space LF is the elliptic analog of the Q-linear space of logarithms of non-zero 
algebraic numbers for the exponential case. Bertrand and Masser proved the 
following theorem. 


Theorem 19.2 Let 9 be a Weierstrass function without complex multiplication 


and with algebraic invariants go,g3. Let uj,...,Un be elements in Le such that 
U1,+++5Un are linearly independent over Q. Then 
1, U1,-++,Un 


are linearly independent over Q. 
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The analogous theorem for the CM case was earlier established by Masser 
[83] and can also be recovered following the techniques employed in the proof 
of the above. 

As noted by Bertrand and Masser themselves, their method gives an alter- 
nate proof of Baker’s theorem. In this chapter, we present their proof of Baker’s 
theorem. We also recommend the book by Waldschmidt [125] which includes 
several different proofs of Baker’s theorem. 

We begin by noting that Baker’s theorem is a consequence of the following 
theorem. 


Theorem 19.3 (Main Theorem) Let K be a number field of degree d over Q. 
Let 61,...,Ga be a basis for K over Q. Let aj,...,a@q be non-zero algebraic 
numbers. Then 

By loga, +-+++ Balogag € Q 


if and only if 
loga, =---=logag = 0. 


Let us first see how the above theorem implies Baker’s theorem. Let 
Q1,..-,@q be non-zero algebraic numbers such that logay,,...,logaq are lin- 
early independent over Q. Now suppose that 


By logay +--+ + Bglogag = ¥ 


where (6,...,(q and y are algebraic numbers. Consider the number field K = 
Q(61,..-, 8a) and let 71,...,%n be a Q-basis for kK. Let 


n 
b= ~ Yigtj 
j=l 


for 1 <i <d, where y;; are rational numbers. Thus, we have 


n d 
> Aja; =y7 where A; = So yy loga;, l<j<n. 
j=l 


i=1 


But the A,’s are logarithms of algebraic numbers as yjj’s are rational num- 
bers. By the above theorem, each A; is necessarily equal to zero. But since 
log a,,...,logaq are linearly independent over Q, this implies that y;; = 0 for 
alli and 7. Thus 8; = 0 for 1 <i < d. Hence the above theorem implies Baker’s 
theorem. 

Let us now begin the proof of the main theorem. The crucial ingredient in 
the proof is the following multi-variable generalisation of the Schneider—Lang 
theorem we proved earlier. This was proved by Lang [78]. An entire function 


F(Z) in r variables, with 7 = (z1,...,2r) € C’, is said to be of finite order of 
growth if 

lim su loglog |Fln 

Roce logR ; 


where |F'|pz is the supremum of |F'(Z)| on the closed disc |Z| < R. 
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Theorem 19.4 ((78]) For integers N >r > 1, let fi,..., fn be entire functions 
on C” with finite order of growth and of which at least r+ 1 are algebraically 
independent. Let K be a number field such that the ring K[fi,..., fw] 1s mapped 
into itself by the partial derivatives a, ah a: Then for any subgroup T of 


C” which contains a basis of the complex space C", not all the values 
fe (2), 1<k<N, ZET 
can lie in K. 


The proof of the above theorem, though more involved, runs along similar lines 
as in the one-dimensional case. We refer to chapter IV of Lang’s book [79] for 
the relevant details. 

The theory of several complex variables constitutes an essential tool in the 
development of modern transcendence theory. We refer to the classic treatise 
of Gunning and Rossi [64] for the basic definitions and notions. However for 
our purposes, we only need to work with very special type of entire functions, 
namely functions of the form 


f(@) _ en? _ etitite +erZ, 


where @ = (a1,...,@,) is a fixed vector in C’. Clearly, these functions have 
finite order of growth. 

We deduce the following two corollaries of the above theorem. As before, for 
E = (x1,.-..,%a), V= (y1,---, Ya) € C2, we have the following notation 


UY = 11Y1 ++++ + Laya- 


Corollary 19.5 Let N,d with N > d be positive integers and %,...,£Nn be 


elements in Oo such that at least d+1 of these vectors are linearly independent 
over Q. Let J1,.--,Yyy be elements in C4 containing a basis for C4. Then not 
all the MN numbers 


eri 
can be algebraic. 
Proof. Consider the N functions 
ptve2g Ser" See, Let. 


We note that at least d+ 1 these functions are algebraically independent (see 
Exercise 1). Let I be the additive subgroup of C4 generated by the vectors 
J1>--->9u- Suppose that the e”¥% are all algebraic. Let K be the number 
field generated by the numbers e*‘-¥s and the coordinates of each of the vectors 
@; = (#i1,.-., Via). Then clearly all the hypotheses of Lang’s theorem are 
satisfied. However, for all 1 <i < N and Zz €T, we have f;(Z) € K. This 
contradicts Lang’s theorem. 
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Corollary 19.6 Let %,...,%q be d elements in oO which are linearly inde- 
pendent over Q. Let Y,,---,Yq be elements in C4 linearly independent over C. 
For 1 <j <4, let Gj = (yj1,---,yja) and suppose that the kth entries of each 
of these d vectors, namely Yyiz,---,Yar are all algebraic. Then not all the d? 


numbers 
eri; 


can be algebraic. 


Proof. As before, let 


fi(Z) _ evi Zz 
for 1 < i < d and define fa4i(Z) = zx, the kth projection function. Let K 
be the number field generated by the numbers e*'¥, the co-ordinates x; of 
the vectors Z; = (vi1,...,@ia) and the kth coordinates y;, of the vectors Uj 
Taking I to be the additive group generated by the vectors 7, we see that for 
all <i<d+landZeT, f;(2) € K. This again contradicts Lang’s theorem. 


Let us now prove the main theorem. We have a number field K of degree 
d with (),...,84 € K constituting a basis. Further, a;,...,a@q are non-zero 
algebraic numbers such that 


A= Bi loga, +--+: + Balogag € Q. 
Our goal is to prove that 
logay =---=logag = 0. 


Let {o1,...,a} be the embeddings of K in C. We define the following complex 
numbers 


Ay = 0;(81) logay +--+ + 0;4(Ba) log ag 


for 1 <i<d. Consider the matrix M defined as 
M= (0i(83) <i j<a- 


Note that this matrix is non-singular (see Exercise 2). Thus if each of the A; is 
equal to zero, necessarily log a;’s are all equal to zero. So we may assume that 
not all the A,;’s are equal to zero. 

We first consider the case when none of the \;’s are equal to zero, that is 


M1. .Ag #0. 


We now construct vectors %; and Y; as in Corollary 19.6. First for 1 <i < d, 
let 


T= (1 (8:), vas , Fa({:)), 
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be the vector consisting of all the conjugates of 6; in C. Non-singularity of the 


sad ‘ 
matrix M introduced above ensures that these d elements in Q are linearly 
independent over Q. Now we define the vectors y, for 1 < j < d as follows: 


Vj = (A191 (8;),---, Aaga(;))- 


Consider the matrix (Aioi(9j))1<; j<a- 
to det(M)A1...a. Thus the d vectors above are linearly independent over C. 
If ox, is the identity embedding of K, then the kth entries of these d vectors 
are given by yj;z = AG; which are algebraic numbers for all 1 < j < d. Thus 
we are in the situation to apply Corollary 19.6 which implies that not all the 
d? numbers e”‘'¥; can be algebraic. Let us now explicitly evaluate the numbers 
Zi.y;. We have 


Its determinant is non-zero, being equal 


iY; = Sal (8:)Ar01(B;) 
I=1 
d 
=Soo (Bi Bi) 


d d 
=Syi ail BiB;) Ol (Bs) log as 


l=1 s=1 

d d 

= S- (don BiBjBs) log as. 
l=1 


However, the number A, = an 01(8;8;8s) is the trace of 6;6;8; in K and 
hence rational. Thus, 


eri; = e41 log a1-:-+Aq log aa € Q. 
This is a contradiction. 


In the second case, suppose that some of the \,;’s are equal to zero. Without 
loss of generality, suppose that 


Ay £0,.--,Ar FO, Arg. = +++ = Aq =0 


with 1 <r <d. In this case, we define the vectors ; and Y; as follows. For 
1<i<d, we define _ 

Bi = (01(fi),---,or(Bi)) € Q 
and for 1 < 7 < d, we have 


Vj = (A101(8;), ae , Ar dr (8) EC 


Note that the rank of the following r x d matrix 


M = (A;0;(5;)) 
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where 1 < 4 < rand1 < j < d is equal to r. Thus the d vectors Vj do 
contain a basis for C’. Again by Corollary 19.5, not all the d? numbers e747; 
can be algebraic. But an explicit evaluation of the numbers %;.7; as above will 
show that 

e's EQ 
for all ¢ and 7, hence a contradiction. This completes the proof of the main 
theorem and hence Baker’s theorem. 


Exercises 
1. %1,...,%~ be N elements in Oo which are linearly independent over Q. 
Consider the N functions 
(tigate Ser Se ee, Lee, 


Show that these functions are algebraically independent. 


2. Let G be an abelian group and o1,...,04: G > C* be d distinct homo- 
morphisms. Prove that these functions are linearly independent over C. 
Hence conclude that the matrix M in the proof of the main theorem is 
invertible. 


3. Let a1, Q2,...,Q@n be positive algebraic numbers. If co,ci,..., Cy are alge- 
braic numbers with co 4 0, then show that 


is a transcendental number and hence non-zero. 


[ dx 
0 1+23 


is transcendental. Can you generalise to rational functions with algebraic 
coefficients? (See [122].) 


4. Show that 


Chapter 20 


Some Applications 
of Baker’s Theorem 


Let us first derive some important corollaries of Baker’s theorem. 


Corollary 20.1 [fa,,...,Q@m and (1,..., 8m are algebraic with a;’s non-zero, 
then 
By loga, +--+ + Bm log am 


is either zero or transcendental. 
Proof. We proceed by induction on m. This clearly holds for m = 1 by the 


Lindemann-Weierstrass theorem. Now assume the validity of the corollary for 
m <n. We now proceed to prove it form =n. Suppose not. Then 


By logay +-+++ Bn logan = Bo (20.1) 
is algebraic and $9 is non-zero. By Theorem 19.1, loga,,...,loga@, must be 
linearly dependent over Q. That is, there exist rational numbers cj,..., Cy, not 
all zero such that 

cy logay +---+ cy loga, = 0. (20.2) 


Say that c, 4 0, without any loss of generality. Using this relation, we can 
eliminate loga,, from our original relation (20.1) and deduce a contradiction 
by induction. Indeed, multiplying (20.1) by c, and relation (20.2) by 6, and 
subtracting, we get that 


By log 0 i i Bi log Qn—1 = Cn Bo 


which is not zero. We can now apply induction to deduce the corollary. 
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Thus any algebraic linear combination of logarithms of algebraic numbers is 
either zero or transcendental. The next corollary represents a vast generalisation 
of the Gelfond—Schneider theorem. 


Corollary 20.2 [If aj,,...,Q@m and fo,...,2m are non-zero algebraic numbers, 
then 

cP Ft a - bm 
is transcendental. 


Proof. If the number were algebraic and equal to a,+1 say, then we get 


By log ay +-+-+ Bm log am — log an+1 = —Bo # 0. 


This is a contradiction to the previous corollary. 


Corollary 20.3 ae ...a8m is transcendental for any algebraic numbers 
1 m y g 


Q1,---;Qm other than 0 or 1 and any algebraic numbers 61,..., 8m with 1, 
1,.--,8m linearly independent over the rationals. 

Proof. It suffices to show that for any algebraic numbers aj,...,Q@,, other 
than 0 or 1 and any algebraic numbers (§1,..., 3, linearly independent over the 


rationals, we have 
By log a1 +:: - Bm log Am # 0. 


If we have this for every m, then we can apply this result with m replaced 
by m+1 and 6,41; = —1 to derive a contradiction (since —1, 51,...,8m 
are linearly independent over Q). We therefore proceed by induction on m 
which is clearly true for m = 1. Suppose we have proved it for n < m. If 
log a,,...,loga@, are linearly independent over Q, then the result follows from 
Theorem 19.1. So let us suppose otherwise. Then there are rational numbers 
C1,--+-;Cm not all zero such that 


ci logay +-+++ cm logan = 0. 


Without any loss of generality, let us suppose c,, 4 0. We may use this relation 
to eliminate loga,, to obtain 


(Cm 1 = C1Bm) log Oye (CmBm—1 = Cm—12m) log Qm—1 = 0. 
But the m — 1 numbers 
CmP1 , C1Bm, aes) CmPm-1 — Cm—18m 


are linearly independent over Q for otherwise, 


Ai(Cm(1 — C18m) apn ete ele Am 1(CmPm 1— Cm 12m) =0 
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for some rational numbers Aj,...,Am—1 not all zero. But re-arranging this, 
we find 


Cm(A1 1 ieee ee Am—18m-1) = (Aici Spt tere Am-—1Cm—1) bm =0. 


Since §1,..., 8m are linearly independent over Q, we deduce that A, = ---: = 
Am—1 = 0, a contradiction. This proves the corollary. 


Corollary 20.4 7+ loga is transcendental for any algebraic number a # 0. 
e°T +P is transcendental for any algebraic numbers a, 8 with B A 0. 


In 1966, Baker proved a quantitative version of his theorem. Such versions 
now fall under the general heading of effective lower bounds for linear forms in 
logarithms. 


Theorem 20.5 ((8]) Let aj,...,@m be non-zero algebraic numbers with degrees 
at most d and heights at most A. Further, let Bo,...,8m be algebraic numbers 
with degrees at most d and heights at most B > 2. Then, either 


A := Bo + Bi logay +--+ Bm logam 


equals zero or |A| > B~© where C is an effectively computable constant depend- 
ing only on m,d, A and the original determinations of the logarithms. 


The estimate for C takes the form C’(log A)" where « depends only on m 
and C’ depend only on m and d. Let us note that the special case of m = 1 of 
the above theorem leads to results of the form 


|loga — B| > B-S 


for any algebraic number a not zero or 1 and for all algebraic numbers of degree 
at most d and heights at most B > 2. Here, C’ depends only on d and a. 
In particular, we can derive results of the form 


|r — B| > B-?. 


Indeed, N.I. Feldman had already established the above inequality with C' of 
the order of dlog d. 

Further, when we restrict to the case when / is a rational number, these 
inequalities can be refined. For instance, for 7 we have the following lower 
bound 

lm -—p/al >a” 
for all rationals p/q (q > 2). This was established by Mahler. On the other 
hand, we have the following lower bound 


le" — p/a| > ges 84 
for all rationals p/q and where c is an absolute constant. This was proved by 
Baker. 

In 1993, Baker and Wiistholz [11] proved a sharper form of these theorems 
by offering a quantitative version of Baker’s original theorem. We state a special 
case of their theorem. 
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Theorem 20.6 ({11]) If 85 = 0 and §1,...,8m are integers of absolute value 
at most B, then either A = 0 or 


|A| > exp(—(16md)?"*4(log™ A) log B). 


Finding sharp lower bounds for linear forms in logarithms of algebraic num- 
bers constitutes an important theme in transcendence theory. We refer to the 
interested reader the book of Baker [9] and the recent monograph of Baker and 
Wiistholz [12] for further details. 

We now apply Baker’s theory to the study of L(1,.) where L(s,y) is the 
classical Dirichlet L-function attached to a non-trivial character vy. This is a 
prelude to the theme of applying Baker’s theory to more general Dirichlet series 
which we take up in later chapters. 

Let x be a non-trivial Dirichlet character mod gq with q > 1. For s € C with 
Re(s) > 1, let 


Co 


L(s,x) = 3 x(n) 


n> 


n=1 
be the associated Dirichlet L-function. It is classical that L(s,\) extends to an 
entire function and that 


L(1,x) = 5° _ 


Furthermore, L(1,y) 4 0 by a theorem of Dirichlet. We are interested in the 
algebraic nature of L(1,y). Now for any such x, let 


q 
S- ye os 


be its Fourier transform. By orthogonality, we have 
4 rm 
x(n) = S- Sletten, 
m=1 
Note that <(q) = 0. Now we are ready to prove the following: 


Theorem 20.7 If x is a non-trivial Dirichlet character mod q with q > 1, then 
L(1,x) is transcendental. 


Proof. By the previous discussions, we have 
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== a m) log(1 — e?""/2), 


m=1 


This is a non-zero linear form in logarithms of algebraic numbers with algebraic 
coefficients. By Baker’s theorem, this is transcendental. 


We end the chapter with one of the major applications of Baker’s theory 
which is the explicit determination of all imaginary quadratic fields with class 
number one. This problem has a venerable history. We recommend the exposi- 
tory article of Goldfeld [52] and the recent monograph of Baker and Wiistholz 
[12] for a more detailed account of this topic. 

Gauss conjectured that the only imaginary quadratic fields Q(./—d), with 
d > 0 and squarefree, that have class number one are given by 


d =1,2,3,7, 11,19, 43, 67, 163. 


In 1967, Baker [8] and Stark [117] independently solved this conjecture. We 
indicate below the main features of Baker’s argument using linear forms in 
logarithms. 

We shall be needing some familiarity with algebraic number theory. We sug- 
gest [76, 113] as possible references. Recall that if k/Q is a quadratic extension, 
its Dedekind zeta function ¢,(s) factors as 


Ce(s) = C(s)L(s, x) (x) 


where x is a quadratic Dirichlet character. In fact if D is the discriminant of k, 
then we may write k = Q(VD) and x(n) = (2) is the Kronecker symbol. The 
class number formula of Dirichlet can be stated as follows. If k is an imaginary 
quadratic field, then 


Qrh(k 
L(1,x) = — \ a <0 
|D| 
and if k is a real quadratic field, 
2h(k) 1 
L(1,x) = Bn ee D>O 


VD 


where h(k) denotes the class number of k and e, is the fundamental unit of k 
and w, is the number of roots of unity in k. We may write (*) in another way, 
using zeta functions attached to binary quadratic forms. Given a form 


f(x,y) = ax? + bry + cy? 


with discriminant D = b? — 4ac < 0, we may associate the following function 


I wu 
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where the dash indicates (m,n) 4 (0,0). One can show that ¢(s, f) extends 
to the entire complex plane, apart from a simple pole at s = 1. Kronecker’s 
limit formula explicitly gives the residue and the constant term in the Laurent 
expansion of ¢(s, f) at s = 1. Using the standard equivalence between binary 
quadratic forms of discriminant D and ideal classes of k, we may write (*) as 


1 
“2X0 


where the sum is over a complete set of inequivalent quadratic forms with 
discriminant D. In other words, 


(@)bex) =5 0 
fo myn 
We may twist this by a Dirichlet character 1 to get 
“ (m,n xalf(m,n)) 
L(s, x1) L(s, xX1) = Ca 
f m,n 


By classical theory, the inner sums are Mellin transforms of modular forms of 
weight one. The behaviour at s = 1 of the inner sum can be determined by 
Kronecker’s second limit formula (see [77], for instance) when x1 is non-trivial. 
We are especially interested in applying this for the case 


x= (2) ana ain) = (7!) 


with D, > 0. Using the limit formula, we get 


Co 


L(1, x1) £0, xx1) _ II (1 5) oy xt) S- ye A,e™rb/ Dis (x). 


p\Di f r=—co 


Here for r 4 0, 
2n|r| e8/aP1 


|A |S Taye 


mrl As regards Ag, it is equal to zero if D, is not a prime power. 


|D|° 
On the other hand if D, is a power of a prime p, then 


7 27 x1(a) lo 


Ap = & p- 
D,y/|D| 


Now suppose Q(VD) has class number one. Then by genus theory (see for 
example, [113]), if —D > 2, then —D = 3 (mod 4) and is necessarily a prime. 
Moreover as the class number is one, there is only one form (up to equivalence) 
and which we can take to be 


1-—D 
x? + ay + (=) y’. 


with s = 


3E 
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By Dirichlet’s class number formula, 


2h, loge 
L(1,x1) = a 


where h, is the class number of Q(/D}1) and €; is the fundamental unit attached 
to this real quadratic field. The quadratic character yx1 corresponds to the 


imaginary quadratic field 
QV DD) 


and we have 
hon 
L(1, xx1) = ==— 
V|DDi| 
where hz is the class number of Q(,/|DDj)). 
We will choose D; appropriately. Assuming |D| > D so that (D, D,) = 1, 
we obtain from (**), 


= 1 Di/|D| < 
Ahyho loge — = Div] TT (1 =) < wv | S- |A,|. 


p|Di 


r=—0o 


If we choose D; such that it is not a prime power, we are ensured Ap = 0. 
We will choose D; = 21 and D, = 33 and in both cases Q(VD1) has class 
number one. Using the upper bounds for |A,|, we obtain for |D| large enough 
and D, = 21, 


32 
ho log €2 = ait ‘DI < e tv |PI/100 


where hz is the class number of Q(V21D) and €2 is the fundamental unit of 
Q(V21). Similarly for D, = 33, we obtain 


80 
jediiees stv < e-tVBI/100 


where hg is the class number of Q(V33D) and ¢3 is the fundamental unit of 
Q(V/33). By eliminating the 7,/|D] term, we obtain 


|35h2 log €2 — 22h3 log e3| < 57e7 7 VIP 1/100, 
The terms hg and hg can be bounded effectively by an inequality of the form 


h2,h3 < c1v/|D| log |D| 


with c, effectively computable. By Baker’s theory on lower bounds for linear 
forms in logarithms, we have 


[35h log €2 — 22h3 log €3| > BS 
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where B = max(35h2,22h3) and c is an effectively computable constant 
(dependent on €2 and ¢€3). We obtain 


e “6 | < [35h log eg — 22ha log es| < B7e 7 V IPI 


from which |D]| is effectively bounded. One explicitly determines a bound for 
|D| which is of the order of 10°°°. 

Heilbronn and Linfoot had previously shown that there are at most ten 
imaginary quadratic fields with class number one and Lehmer had given a lower 
bound for the tenth fictitious prime p > 163 such that Q(,/—p) has class number 
one. This lower bound was of the order of 10°. Later, this lower bound was 
improved by Stark [116] who showed that the lower bound is of the order of e!®" . 
Thus comparing with the upper bound obtained before, the classification of all 
imaginary quadratic fields with class number one is done. 

This method extends to determine effectively all imaginary quadratic fields 
with class number two and has been carried out by Baker [8] and Stark [117]. 
There are precisely 18 such fields. 

In 1976, Goldfeld [50, 51] used the theory of elliptic curves to obtain an 
effective lower bound for the class number of an imaginary quadratic field. But 
his proof was conditional upon the existence of an elliptic curve of Mordell—Weil 
rank 3 and whose associated [-series has a zero of order 3. In 1983, Gross and 
Zagier [56] found such an elliptic curve. Combining this with Goldfeld’s result 
led to the following: for every « > 0, there is an effectively computable constant 
c > 0 such that the class number of Q(VD) is greater than c(log|D|)!~*. In 
1984, Oesterlé [90] refined the argument to give the lower bound 


1 2 
aauteelo) TT 1-22) 


p|D 
pF|D| 


for the class number of the imaginary quadratic field Q(VD). 

The scenario for class numbers of real quadratic fields is expected to be 
different. It is conjectured that there are infinitely many real quadratic fields 
with class number one. However, we do not even know if there are infinitely 
many number fields with class number one. 


Exercises 
1. Let P(x) be a polynomial of degree r > 2. Assume that P(a) has algebraic 
coefficients and that all of its roots are rational and not integral. Show that 


co 


do 1/P(n) 


n=1 


is either zero or transcendental. [Hint: Consider the partial fraction 
decomposition of 1/P(x).] 
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2. Show that the conclusion of the previous exercise is still valid for the sum 
YE QXn)/P(n) 
n=1 
where Q(z) is also a polynomial with algebraic coefficients and the degree 


of Q(x) is at most r — 2. 


3. Let f be an algebraic-valued function defined on the integers. Suppose 
that for some natural number gq > 1, we have f(n + q) = f(n) for all 
natural numbers n. Suppose further that 


Show that a 
> f(n) 
n 
n=1 
converges and that it is either zero or a transcendental number. 


4. Suppose that the sum 


n 


z 
F(z;2) yl rer 
n=1 


converges. If z is algebraic and z is rational, show that the sum is either 
zero or a transcendental number. 


Chapter 21 


Schanuel’s Conjecture 


One of the most far reaching conjectures in transcendence theory is the following 
due to S. Schanuel: 


Schanuel’s Conjecture: Suppose a1,...,@n, are complex numbers which are 
linearly independent over Q. Then the transcendence degree of the field 


Q(ay,..-,An,e*1,...,€°") 


over Q is at least n. 

This conjecture is believed to include all known transcendence results as 
well as all reasonable transcendence conjectures on the values of the exponential 
function. Note that when the a,’s are algebraic numbers, this is the Lindemann— 
Weierstrass theorem. 

In this chapter, we derive some interesting consequences of this conjecture. 
We begin with the following special case of Schanuel’s conjecture. This gener- 
alises Baker’s theorem. Let us refer to it as the weak Schanuel’s conjecture. 


Weak Schanuel’s Conjecture: Let aj,...,@,, be non-zero algebraic num- 
bers such that logai,...,loga@p are linearly independent over Q. Then these 
numbers are algebraically independent. 

This special version itself has strong ramifications. For instance, it suffices 
to derive transcendence of special values of a number of [-functions arising from 
various analytic and arithmetic contexts. 

The following is an important consequence of the weak Schanuel’s conjecture. 


Theorem 21.1 Assume the weak Schanuel’s conjecture. Let a1,...,Qn be non- 
zero algebraic numbers. Then for any polynomial f(21,...,2n) with algebraic 
coefficients such that f(0,...,0) =0, f(logar,...,loga,) is either zero or tran- 
scendental. 
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Proof. We use induction on n. For n = 1, it is true by the classical 
Lindemann—Weierstrass theorem. Now for n > 2, let f(a,...,@%n) be a 
polynomial in Q[x1,...,2,] with f(0,...,0) = 0. Further, suppose that 
A:= f(loga,...,loga,) is algebraic. By the weak Schanuel’s conjecture, the 
numbers loga;,...,logap are linearly dependent over Q. Then there exists 
integers c1,...,Cp such that 


c1 logay +---+ cn logan = 0. 


Suppose c; # 0. Then loga, = —i(ce log ag +-+++ cp, logan). Replacing this 
value of log a, in the expression for A, we have 


A = g(log ae,. .., logan), 


where g(%1,---;%n—1) is a polynomial with algebraic coefficients in n — 1 
variables. Then by induction hypothesis A = 0. This completes the proof. 


Now we proceed to derive some other consequences of Schanuel’s conjecture: 


Theorem 21.2 Assume that Schanuel’s conjecture is true. Let a 4 0,1 be 
algebraic. Then loga and logloga are algebraically independent. 


Proof. Note that for a € Q\ {0,1}, log a and log log a are linearly independent 
over Q. We apply Schanuel’s conjecture to the numbers loga and log loga. 
Then we see that the transcendence degree of the field Q(log a, log log a, a) is 
two and hence log a and log log a are algebraically independent. 


Theorem 21.3 Assume that Schanuel’s conjecture is true. If a1,...,a € Q 
are linearly independent over Q, then 7,e™,...,e°" are algebraically indepen- 
dent. In particular, e and 7 are algebraically independent. 


Proof. We apply Schanuel’s conjecture to the Q-linearly independent numbers 
Q1,-.-,Q@, and iz to get the result. 


Theorem 21.4 Assume that Schanuel’s conjecture is true. If a1,...,Qn are 
algebraic numbers such that 1,01,...,Qn are linearly independent over Q, then 
m,e™,...,e9"™ are algebraically independent. 


Proof. Apply Schanuel’s conjecture to the Q-linearly independent numbers 
im, Q17, ..., Qn to get the result. 


Thus Schanuel’s conjecture implies that 7 and e” are algebraically indepen- 
dent. This has been established unconditionally by Nesterenko. 


Theorem 21.5 Assume that Schanuel’s conjecture is true. Then n° is tran- 
scendental. 
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Proof. By Nesterenko’s result, we know that a and log are linearly 
independent over Q. We apply Schanuel’s conjecture to the Q-linearly 
independent numbers 1,ia and loga to conclude that e,a and loga are 
algebraically independent. Now apply Schanuel’s conjecture to the Q-linearly 
independent numbers 1, log 7, im + e log 7, e log. 


Let us define a Baker period to be an element of the Q-vector space spanned 
by logarithms of non-zero algebraic numbers. 


Theorem 21.6 Assume that Schanuel’s conjecture is true. If ay1,...,Qn are 
non-zero algebraic numbers such that log ay,...,log ay are linearly independent 
over Q, then logay;,...,logay,loga are algebraically independent. In particu- 
lar, loga is not a Baker period. 


Proof. Since logay,...,log@p are linearly independent over Q, the numbers 
log a,...,log ap are algebraically independent by Schanuel’s conjecture. 
First suppose that 7, log a ,,...,loga, are linearly dependent over Q, i.e. 


mT = Bi logay +--:+ Bn logan, 


where 8; € Q and not all of them are zero. Without loss of generality, 


assume that 6, #4 0. Then 7, log a2,...,log a, are linearly independent over Q. 
Now applying Schanuel’s conjecture to the Q-linearly independent numbers 
im, logagz,...,loga,,loga we see that logay,,...,loga,,loga are algebraically 
independent. 

Next suppose that 7 and logay,...,log a» are linearly independent over Q. 
Then we apply Schanuel’s conjecture to the Q-linearly independent numbers 
im, loga,,...,loga,,logm to get the required result. 


Theorem 21.7 Assume that Schanuel’s conjecture is true. If a is a non-zero 
Baker period, then 1/a is not a Baker period. In particular, 1/7 is not a Baker 
period. 


Proof. Since a is a Baker period, we can write 
a = 61 logd1 +--+ Bn log bn, 
where 3;, 5; € Q\ {0}. If 1/a is also a Baker period, then 
~ = ylogai+---+ 7, log ak, 
where 7,0; € Q \ {0}. This implies that 
1= f (logd1,...,logd,,loga,,...,loga,z), (21.1) 
where f is a polynomial in Q[x1,...,¢n+«] with f(0,...,0) = 0. Then the 


right-hand side of (21.1) is either zero or transcendental and hence the result 
follows. 
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One can show that Schanuel’s conjecture implies that e° is transcendental 
(see Exercise 1). We refer to the papers of Waldschmidt [128] and Brownawell 
[22] for an interesting theorem in this context, namely that either e® or e® is 
transcendental. This was a conjecture of Schneider. 

We note that Kontsevich and Zagier [74] have introduced the notion of 
periods. A period is a complex number whose real and imaginary parts are values 
of absolutely convergent integrals of rational functions with rational coefficients 
over domains in R” given by polynomial inequalities with rational coefficients. 
Clearly all algebraic numbers are periods. On the other hand, 7 is a period for 


it is expressible as 
T= / / dady. 
w2+y2<1 


Further, non-zero Baker periods are examples of transcendental periods. This 
follows from Baker’s theorem. 

The set of periods forms a ring. It is an open question to determine whether 
the group of units of this ring contains only the obvious units, namely the 
non-zero algebraic numbers. We shall come back to these periods in the last 
chapter. 

We now apply Schanuel’s conjecture to study some special values of the 
Gamma function. 


Theorem 21.8 For any rational number x € (0,1/2], the number 
log T(x) + log ‘(1 — x) 
is transcendental with at most one possible exception. 
Proof. Using the reflection property of the gamma function, we have 
log I(x) + log I'(1 — x) = logz — logsin za. 
If xz; and x» are distinct rational numbers with 
logI'(ai:) + logl(1—2;)€Q, i=1,2, 


then their difference log sin 7x2 — log sin 72, is an algebraic number. But this is 
a non-zero Baker period and hence transcendental. 


The possible fugitive exception in the above theorem can be removed if we 
assume Schanuel’s conjecture. 


Theorem 21.9 Schanuel’s conjecture implies that 
log I'(a) + logI'(1 — x) 


is transcendental for every rational 0 <a <1. 
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Proof. As noticed earlier, Schanuel’s conjecture implies that for any non-zero 
algebraic number a, the two numbers e® and 7 are algebraically independent. 
Suppose a = logI'(x) + logI'(1 — z) is algebraic. Then e®sin(zx) = a which 
contradicts the algebraic independence of e% and 7. 


We also have, 


Theorem 21.10 Schanuel’s conjecture implies that for any rational x € (0,1), 
at least one of the following statement is true: 


1. Both T (x) andT (1 — <2) are transcendental. 


2. Both log! (x) and logT (1 — 2) are transcendental. 


Proof. If (1) is true, there is nothing to prove. Without loss of generality, 
suppose that ['(z) is algebraic for some x € Q. Then logI'(z) is a Baker period. 
Since 

log['(1 — x) = —logI'(x) + loga — logsin az, 


therefore it follows that logI'(1 — <x) is transcendental. 


The logarithms of the gamma function as well as log7z are of central impor- 
tance in studying the special values of a general class of LZ-functions. 


Finally, we now apply Schanuel’s conjecture in the investigation of some 
special values of Dedekind zeta functions. We refer to [58] for a more detailed 
account. The relevant details from algebraic number theory can be found in the 
books of Lang [76] or Neukirch [88]. Let A be a number field of degree n. For 
R(s) > 1, the Dedekind zeta function of K is defined as 


where the sum is over all the integral ideals of Ox, the ring of integers of K. 
When Kk = Q, this is the Riemann zeta function. Analogous to the Riemann 
zeta function, Cx (s) is analytic for #(s) > 1 and (s — 1)¢xK(s) extends to an 
entire function with 


ort y) rah 
lim (s —1)¢x(s) = Ress=i¢K(s) = (2m)? he Rw 
slit eg Idx 


? 


where r; is the number of real embeddings, 2r2 is the number of complex 
embeddings, hx is the class number, Rx is the regulator (which is known to be 
non-zero), wx is the number of roots of unity in K and dx is the discriminant 
of K. 

We are interested in the nature of Ress=1¢«(s) and the regulator Rx. 
Because of the presence of 7, the transcendence of one does not imply the 
transcendence of the other unless K is a totally real field. 
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Theorem 21.11 Assume the weak Schanuel’s conjecture. Let K be a number 
field with unit rank at least 1. Then both the regulator Rx and Res,=1CK(s) are 
transcendental. 


Proof. By the class number formula, 


piel (27)"?hk Rr 


wr/ldk| 


where 7; and 2rg be the number of real and complex embeddings. Let ud) 
be the j-th conjugate of u € K where j runs through the embeddings modulo 
complex conjugation. Let 


Ress=1¢K (s) = 


{ui, ua, oes , Ur} 
be a set of generators of the ordinary unit group modulo the roots of unity. 
Then the regulator Rx, up to an algebraic multiple, is given by 


(1) 


1 log lu rl 


log Me 


(r41) | 


(r+1) | log |u;: 


1 log |u; 
Clearly, by Theorem 21.1, the regulator Rx is transcendental. 
Further, 


wT? R, =F (log(—1), log jus |, ..., log lr) 
where F is a polynomial with algebraic coefficients whose constant term is zero. 


Assume that the weak Schanuel’s conjecture is true. Then by Theorem 21.1, 
Ress=1¢x« (8) is necessarily transcendental. 


In the p-adic set-up, it is conjectured that the p-adic regulator rank of any 
number field K is equal to the rank of its unit group (see [89], for instance). 
This is referred to as Leopoldt’s conjecture. Waldschmidt [129] has shown that 
the p-adic regulator rank is at least half of the expected value. 

When K is a totally real field, then Leopoldt’s conjecture is equivalent to the 
non-vanishing of the p-adic regulator of K (which is well-defined up to sign). 

Leopoldt’s conjecture is known to be true for abelian extensions K|k where 
k is either Q or imaginary quadratic (see [5, 24]). The proof in the abelian 
case uses the p-adic analog of Baker’s theorem and the notion of Dedekind 
determinants. We shall come across these determinants in a later chapter. The 
conjecture is open for arbitrary number fields. 

We note that Leopoldt’s conjecture is also related to the non-vanishing of 
special values of certain p-adic L-functions. We refer to the book of Washington 
[130] (see also the work of Colmez [35]) for further details. 


One can extend these study to special values of Artin L-functions. The 
guideline for such an investigation is a program envisaged by Stark [118]. We 
refer to [95] for a more detailed account of Artin Z-functions. Let K/k be Galois 
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extension of number fields with Galois group G = Gal(K/k). Corresponding to 
any finite dimensional representation (¢,V) of G with character y, the Artin 
L-function is defined by 


L(s,x,K/k) = I] det (1-— N(P)~*d(a8)|y15) 7 


where P runs over all the prime ideals in Ox, @ is a prime ideal lying over P, 
Ig is its inertia group and gg is the associated Frobenius element in the Galois 
group. Stark [118] has made the following conjecture: 


Conjecture (Stark). Suppose y does not contain the trivial character yo as 
a constituent. Then 


v ab 
E(t xs K/R) = PET OR) ROD: 


We refer to the article of Stark for descriptions of the terms involved. Stark 
proved the above conjecture for all rational characters. 


Theorem 21.12 Assume that the weak Schanuel’s conjecture is true. Then for 
any rational nontrivial irreducible character x, L(1, xy, K/k) is transcendental. 


Proof. Let y be a character as above. Then as proved by Stark 


W(x)2¢r® 


MEX AIO Tain (A)? 


A(X) R(X). 

In the expression on the right-hand side, there are two possible transcendental 
objects, namely 7’ and R(y). But we have a description of the number R(x). 
It is the determinant of an a by a matrix whose entries are linear forms in 
logarithms of absolute values of units in K and its conjugate fields. For 
instance, when k is equal to Q, the entries of this matrix are given by 
G. = Saye) log(|e7|) where A(o) = (ai;(o)) is a representation of G 

o€G 

whose character is y and € is a Minkowski unit. Since log(—1) = iz, the residue 
is the value of a polynomial of the form mentioned in Theorem 21.1 evaluated 
at logarithms of algebraic numbers. It is classical that for any irreducible 
character y of G, for all t € R, L(1 + it, y, K/k) 4 0 and hence by appealing 
to Theorem 21.1, we see that L(1,\, K/k) is transcendental under the weak 
Schanuel’s conjecture. 


For more details and other applications to transcendence of Petersson norms 
of certain weight one modular forms, the reader may consult [58]. 


We end this chapter by mentioning a generalisation of Schanuel’s conjecture. 
Let us first set up the preamble which motivates such a generalisation. 

The conjecture of Schanuel is about the algebraic independence of the values 
of the exponential function. Analogous to the exponential set-up, there has also 
been progress in the elliptic world (see the survey article [127], for instance). 
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For a Weierstrass g-function with algebraic invariants go, g3 and field of 
endomorphisms k, the following set 


Le={aeC: g(a) € Qu {o}} 


is referred to as the set of elliptic logarithms of algebraic points on E. Here EF is 
the associated elliptic curve. Let Q be the lattice of periods. This k-linear space 
Lr is the elliptic analog of the Q-linear space of logarithms of non-zero algebraic 
numbers for the exponential case. The question of linear independence of elliptic 
logarithms, analogous to Baker’s theorem, has been established by Masser for 
the CM case [83] and Bertrand and Masser for the non-CM case [18]. 


The algebraic independence of the values of the Weierstrass g-function is 
more delicate. When the Weierstrass g-function has complex multiplication, 
the following analogue of the Lindemann—Weierstrass theorem has been proved 
by Philippon [91] and Wiistholz [133]. 


Theorem 21.13 (Philippon/Wiistholz) Let 0 be a Weierstrass o-function with 
algebraic invariants go and g3 that has complex multiplication. Let k be its field 
of endomorphisms. Let 


A1,02,.--,An 


be algebraic numbers which are linearly independent over k. Then the numbers 
(a1),---, (Qn) are algebraically independent. 


For the non-CM case, so far only the algebraic independence of at least n/2 
of these numbers is known by the work of Chudnovsky [33]. 

In his seminal work, Nesterenko proved the following general result (see [86, 
Chap. 3, Corollary 1.6]) which involves both exponential and elliptic functions. 


Proposition 21.14 Leto be a Weierstrass o-function with algebraic invariants 
gz and g3 and with complex multiplication by an order in the field k. If w is any 
period of g, n the corresponding quasi-period and T is any element of k which 
is not real, then each of the sets 


sii prt 


{T, Ww, € {T, 7), € 


is algebraically independent. 


With these background in mind, the following elliptic-exponential extension 
of the conjecture of Schanuel has been suggested in [62]. 


Conjecture: Let g be a Weierstrass v-function with algebraic invariants go 
and g3 and lattice Q. Let k be its field of endomorphisms. Let 


1,02,---, Ar, Art1,---An 
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be complex numbers which are linearly independent over k and are not in Q. 
Then the transcendence degree of the field 


Q(ar, a2,..-,An,e%,...,€ 


ar 


(rsa) +104 @(Ox)) 


over Q is at least n. 


This conjecture is a special case of a more general conjecture formulated by 
Bertolin [16] (one needs to specialise “conjecture elliptico-torique” on p. 206 of 
[16] to the case of a single elliptic curve). We will also come across another 
elliptic-exponential extension of Schanuel’s conjecture in Chap. 26. 

It is worthwhile to mention that Schanuel also formulated an analogous con- 
jecture for formal power series. This conjecture was proved by Ax [6] in 1971 
which is the following: 


Theorem 21.15 (J. Ax) Let yi,..-,Yn € tC[[é]] be n formal power series which 
are linearly independent over Q. Then the field extension 


C(t)(yrs +++ 5 Ym, exP(Y1), +++ €XP(Yn)) 
has transcendence degree at least n over C(t). 


Furthermore, in the same paper, Ax considers the following conjecture: 


Conjecture: Let y1,.--,Yn € Cl[ti,..-,tm]] be Q-linearly independent. Then 
the transcendence degree of the field 


Q(y1, oars +Yn; exp(y1), oars »eXP(Yn)) 


over Q is at least n+r, where r is the rank of then x m matria (34). 
J 


Clearly, the original Schanuel’s conjecture involving complex numbers is a 
special case of the above. But Ax showed that the Schanuel’s conjecture is 
actually equivalent to the above conjecture (see also [34]). Elliptic versions of 
Ax’s results have been obtained by Brownawell and Kubota [23]. 

We end by noting that D. Roy has suggested an alternate algebraic approach 
towards the weak Schanuel’s conjecture which is about the algebraic indepen- 
dence of logarithms of algebraic numbers. 

Let us first formulate the following homogeneous version of the weak 
Schanuel’s conjecture: Let a ,...,@, be non-zero algebraic numbers such 
that the numbers loga,,...,loga@, are linearly independent over Q. Then for 
any non-zero homogeneous polynomial P(X1,..., Xn) with rational coefficients, 
P(logaj,...,log a») is not equal to zero. 

Now let M be an m x n matrix (A;;) where each A;; is the logarithm of a 
non-zero algebraic number for 1 <i<m,1<j <n. For each such matrix, let 
V be the Q-vector space generated by the mn entries of the above matrix. Let 
r be the dimension of this space and let {e1,...,e,} be a basis. Then 


é 
ij = S bijkek, 
k=1 
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where 6;;, € Q and hence the matrix M is given by 


Tr r 
ey De OS 3 Dingle 


r r 
ea bmikek Soy. oan bmnk€k 


We now consider the following formal matrix M(,,) given by 


Siar UiteXe + Sop Dine Xe 


eee ee 


with entries in the field Q(X1,...,X,) where X1,...,X;, are variables. 

The rank of this formal matrix M(for) associated with the matrix M is 
referred to as the structural rank of M and is independent of the choice of basis 
of V. 

It is clear that the homogeneous weak Schanuel’s conjecture implies that the 
rank of the matrix M is equal to its structural rank. D. Roy proved that the 
converse also holds. Here is Roy’s theorem. 


Theorem 21.16 (D. Roy) Suppose that for any matric M with entries in log- 
arithms of nonzero algebraic numbers, rank of M is equal to its structural rank. 
Then the homogeneous weak Schanuel’s conjecture is true. 


In this connection, Roy also proved that for any such matrix M, rank of M 
is at least half of its structural rank. Furthermore, by working with matrices 
having entries in the Q-vector space generated by 1 and logarithms of alge- 
braic numbers, one can link the structural rank of such matrices to the weak 
Schanuel’s conjecture. See Chap. 12 of [125] for a detailed discussion about these 
results. We note that Roy (see [107]) has also suggested an alternate algebraic 
approach towards the original Schanuel’s conjecture. 

Finally, Schanuel’s conjecture has been found to have implications in other 
contexts like model theory and commensurability of locally symmetric spaces 
(see [93, 136] for instance). 


Exercises 
1. Show that Schanuel’s conjecture implies the four exponentials conjecture. 
2. Assuming Schanuel’s conjecture, show that e° is transcendental. 


3. Assuming Schanuel’s conjecture, and not using Nesterenko’s theorem, 
show that a and log are algebraically independent. 


4. Let (1,...,8n be linearly independent algebraic numbers over the 
rationals. Suppose that a),...,Q@ , are algebraic numbers such that 
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logay,..., log @, are linearly independent over Q. Assuming Schanuel’s 
conjecture, show that 


ete logay,...,logam 


are algebraically independent over the rationals. 


5. Let 21,...,%n be complex numbers. Show that z1,..., 2, are algebraically 
independent over the rationals if and only if they are algebraically inde- 
pendent over the field of algebraic numbers. 


6. Define a sequence of numbers F,, recursively as follows: Eo = 1 and 
Ey, = exp(En—1) for n > 1. Show for any finite subset A of the natural 
numbers, the set of numbers E, with a € A is an algebraically independent 
set of numbers, assuming Schanuel’s conjecture. 


7. Define a sequence of number P,, recursively as follows: Po = 7, and P, = 
nPn—-1 for n > 1. Assuming Schanuel’s conjecture, show that any finite 
subset of the set of P,,’s is algebraically independent over the rationals. 


8. Show that if a,,...,@, are Q-linearly independent algebraic num- 
bers, then Schanuel’s conjecture is true. (This is a consequence of the 
Lindemann—Weierstrass theorem. See Theorem 4.1 in Chap. 4.) 


Chapter 22 


Transcendental Values 
of Some Dirichlet Series 


There is a large collection of Dirichlet series defined purely arithmetically that 
have been conjectured to have analytic continuation and functional equations. 
Deligne [38] has formulated a far-reaching conjecture regarding the special val- 
ues of these series at special points in the complex plane and one would like 
to know if these special values are transcendental numbers or not. The most 
notable example is the L-function attached to an elliptic curve and the Birch 
and Swinnerton-Dyer conjecture. In a lecture at the Stony Brook conference on 
number theory in the summer of 1969, Sarvadaman Chowla posed the following 
question. Does there exist a rational-valued arithmetic function f, periodic with 
prime period p such that 


converges and equals zero? In 1973, Baker, Birch and Wirsing ([10], see also 
[29], [31] and [101]) answered this question in the following theorem: 


Theorem 22.1 If f is a non-zero function defined on the integers with algebraic 
values and period q such that f(n) = 0 whenever 1 < (n,q) < q and the q-th 
cyclotomic polynomial is irreducible over Q(f(1),...,f(q)), then 


ee 


In particular, if f is rational valued, the second condition holds trivially. 
If q is prime, then the first condition is vacuous. Thus, the theorem resolves 
Chowla’s question. We shall present a proof of this theorem in the next chapter. 
In 2001, Adhikari et al. [2] noted that the theory of linear forms in logarithms 
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can be used to show that in fact, the sum in the above theorem is transcendental 
whenever it converges. 

Let us first derive a necessary and sufficient condition for the sum in the 
above theorem to converge. To this end, we use the Hurwitz zeta function. 
Recall that for real x with 0 < # < 1, this function is defined as the series 


1 
C(s, 2) := yy (n+2)°’ 


n=0 


for R(s) > 1. Note that the series ¢(s,1) is the familiar Riemann zeta function. 
Hurwitz (see [4], for instance) proved that this function extends meromorphi- 
cally to the complex plane with a simple pole at s = 1 and residue 1. Moreover, 
we have the following important fact: 


a G(s, 2) r= T(z) ~ 


This is easily seen as follows: 


; to 1 1 
Aes) 7 ao (=. -+), 


From the Hadamard factorisation of 1/T'(z), 


1 a 2 
= yz 1 =) —z/n 
T(z) ns Il ( * n) © ‘ 


n=1 


we have by logarithmic differentiation, 


Thus, 
. I’ 
lim ¢(s, 2) — ¢(s) = -y- =(2). 


so1t T 


Observe that in the special case that « = 1, we deduce that 
I’(1) = -7. 


Recall that by partial summation, we have 
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so that 


lim ¢(s) Jo 1 ee ah dx. 


slit s—l1 


This last integral is easily evaluated as 


N-1 n+1 
lim dx = lim (le - nf | 
Noo Jy x N-+oo nel n w 
ae 
gin, (lear 352) <1=4 
Thus, 
lim, ¢(s) - > = 
ferred 


Putting everything together, we obtain 


Theorem 22.2 


1 
li = : 
heen (3,2) s—l1 T(a) 


Let f be any periodic arithmetic function with period q, that is 
f:N—>3C © such that f(nt+qg)=f(n) Yn. 
Then for s € C with R(s) > 1, let L(s, f) be defined as 


L(s, f) =. 


n 


Now running over arithmetic progressions modulo q, we have the following ex- 
pression: 


L(s,f)=a* >) f(a)e(s,a/q),  R(s) > 1. 


We can write this expression as 


29) <8 


Bf) = Fla) [els,a/a) ~ ] +22 Fa), 


a=1 


This and partial summation yields the following theorem. 


Theorem 22.3 Let f be any periodic arithmetic function with period q. Then 


the series 
ss f(n) 
n 


n=1 
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converges if and only if 
q 
fla) = 
a=1 


and in the case of convergence, the value of the series is 


This gives us an interesting corollary even in the classical case: 


Theorem 22.4 For a non-trivial character x mod q, 


Lax) =-2 YS xo Pla/a) 


amodq 


Let us now come back to the type of functions considered in the theorem of 
Baker, Birch and Wirsing. We are now ready to analyse the series: 


qd 


q°> fla (s,a/q). 


n=1 a=1 


By the previous theorem, we have that 


is a necessary and sufficient condition for the convergence of the series at s = 1. 
So let us assume that f satisfies the above. Then we have the following expres- 
sion: 


a ONC) 


We now try to derive an alternate expression for the above series as we did 
for L(1, v) earlier. As before for any such periodic function f with period q, let 


1S 
Se S- fine ns 
q m=1 


be its Fourier transform. By orthogonality, we have 
4 A . 
F(n) = D> flanerninn/9, 


Note that 
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Carrying out the explicit evaluation for L(1, f) as done earlier for L(1,y), 
we immediately have the following: 


Theorem 22.5 Let f be any function defined on the integers and with period q. 
Assume further that 


Then, 


—F fm tog = 2/9, 

m=1 
Thus, in particular, if f takes algebraic values, the series is either zero or tran- 
scendental. 


Thus we see that when f takes algebraic values, then the above series is 
a linear form in logarithms of algebraic numbers for which Baker’s theorem 
applies. In particular, it is either zero or transcendental. The former case is 
ruled out in the case when f is rational-valued and f(a) is equal to zero for 
1 < (a,q) <q. This is by the theorem of Baker, Birch and Wirsing which we 
shall derive in the next chapter. However, this observation allows us to deduce 
the following: 


Theorem 22.6 Let q > 1. At most one of the $(q) values 


/ 


pala, isa<q (a,9)=1, 
is algebraic. 


Proof. If we choose two distinct residue classes a,b mod q, and set f(a) = 1, 
f(b) = —1 with f zero otherwise, then, f satisfies the conditions of Theo- 
rem 22.5. Thus, the sum is either zero or transcendental. However, as noted 
earlier, the former case is ruled out by the theorem of Baker, Birch and Wirsing. 
Thus, it is transcendental. By the previous theorem, the sum is equal to 


- =(b/a) ~ =-(a/a)| 


In this way, we see that the difference of any two values in the set 
/ 


7 (2/9); (a,q) = 1, 


is transcendental. Thus, if there were at least two algebraic numbers in this set, 
we derive a contradiction. 
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Presumably, all the numbers in the set are transcendental. However, one 
is unable to establish this at present. Using Theorem 22.4, we can “solve” for 


I’(a/q)/T(a/q) using the orthogonality relations for Dirichlet characters. 


this end, we must first evaluate the sum 
[’ 
$= > la/a). 
(a,q)=1 


We use the identity 
T(z)P(z + 1/q)---T(e+ (q-1)/¢) = ?-® (20) YP T(z). 


Logarithmically differentiating this and setting z = 1/q, we get 


q T’ 


a 7 (a/a) = —glogq — 4, 


where we have used the fact that I’(1) = —y. Thus, 


S> Saja = —Glog q — 9 
dlq 


and we may apply Mobius inversion to solve for Sy: 


Sq = ~ Lanta (4 log i +74) = y(q) Yo wld) log 5. 


We are now ready to prove: 


Theorem 22.7 For (a,q) =1, we have 


T 
a 


To 


Proof. This is immediate from the orthogonality relations and our evaluation 


of Sy. 


The interesting aspect of this formula is that it can be re-written as follows: 


Fal) =14+ 2 oe log {+ Ya)LC,y). 


X#XO 


0) 


Apart from the y on the right-hand side, we have a linear form in logarithms 


with algebraic coefficients and thus we immediately deduce: 
Theorem 22.8 For all qg >1 and (a,q) =1, the number 


=(a/a) + 


is transcendental. 
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Proof. Baker’s theorem tells us that it is either zero or transcendental. The 
former is not possible since I’(x)/T'(a) is a strictly increasing function for x > 0 
(see Exercise 5 below). 


Exercises 


1. Prove that 


(—1)*-1 dk-1 


C(k,a/q) + (—1)*¢(k, 1 — a/q) = (k—-D!) det 


(7 cot 7z)|2=a/q- 


2. Show that “— (cot 7z) is 7* times a rational linear combination of 
dz 


expressions of the cot” mz csc?* mz where r+ 2s = k. 
3. Conclude from the previous exercises that 
C(k,a/q) + (-1)*C(k, 1 — a/q) = tag 
where a, is an element in the gth cyclotomic field Q(¢,). 


4. Show that for an odd integer & > 1, ¢(k,1/4) and ¢(k,3/4) are linearly 
independent over Q if and only if ¢(k)/z* is irrational. 


5. Show that I’(x)/T'(«) is a strictly increasing function for x > 0. 


Chapter 23 


The Baker—Birch—Wirsing 
Theorem 


We now give a detailed proof of the theorem of Baker, Birch and Wirsing 
introduced in the previous chapter. We present a somewhat modified version 
of their original proof by exploiting the properties of Dedekind determinants. 
These determinants have remarkable applications in a number of contexts in 
transcendence theory. 


Theorem 23.1 Let G be any finite abelian group of order n and F:G—C 
be any complex valued function on G. The determinant of the n x n matrix 
given by (F(zy~')) as x,y range over the group elements is called the Dedekind 
determinant of F' and is equal to 


II (= vore)) 


x LEG 


where the product is over all characters x of G. 


Proof. Let V be the set of all functions from G to C. This is an n-dimensional 
Hilbert space over C with an inner product 


<g,h>= 7 S- g(x)h(a). 


LEG 


Let G be the set of all characters of G. These form an orthonormal basis for 
V. Now consider the linear map T : V + V whose values on a character x are 
given by 
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Clearly, the characters of G are eigenvectors of TJ’ and determinant of T is 
equal to 


Il (Sore) | 
xXEG xEG 


Now for every x € G, let 6, be the characteristic function of the set {x}. Then 
the set of all 6, as x runs through elements of G also forms an orthogonal basis 
for V. We note that < 62, >= 4x(#~") for any character y of G and hence 


if 3 
Ox = — > Kae 
xEG 


We have 


z€G xEG zeG 


Thus the matrix (F(zy-")),, yec 38 simply the matrix of T’ with respect to the 


basis {6, : « € G }. This proves the theorem. 


Let us now prove the Baker—Birch—Wirsing theorem. We are given a non- 
zero periodic arithmetic function f with period qg. Further, f takes algebraic 
values and f(n) = 0 whenever 1 < (n,q) < q. Finally, we are given that the q-th 
cyclotomic polynomial is irreducible over Q(f(1),...,f(q)). We need to show 
that 


rer 


Recall that the digamma function 7(z) for z # —n with n € N is the 


logarithmic derivative we of the ['-function and is given by 


Say ora 


n>1 
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As shown in the previous chapter, the series converges if and only if 


and in which case, we note that 


(a,q)=1 


Since w(1) = —7 and $>4_, f(a) = 0, we have 


Ss” f(a) 


(a,q)=1 


so that 
=> f(a)(b(a/q) +7). 
(a,q)=1 

Also 
q-1 
=—)> f(a) log(1 - ¢9), 
a=1 


where f is the Fourier transform of f and 6 = 2/4. Let F be the field 
Q(f(1),...,f(q)) and 


log ty") nenelog (hc 9*) 
be a maximal F-linear independent subset of 
flog(1—¢2)|1 <a < q-1}. 
Then 


t 
log(1 — 67) = © Aap log(1 — 62"), 


b=1 
where Aq, € F’. Then by the given hypothesis, we have 


Bvlog(h—= Co) 4t+ + Blog —C*) —0 


where 


Since f takes values in F, f is algebraic valued. Thus by Baker’s theorem on 
linear forms in logarithms, we have 
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Then for any automorphism o € Gal(F(¢,)/F'), we have 


q-1 
o(f(a))Aw=0, 1<b<t, 
a=1 
and hence 
q-l 7 
Y> o(f(a)) log(1 — 62) = 
a=1 


Let G be the Galois group of the extension F(¢,)/F. We note that G is isomor- 
phic to the group (Z/qZ)*. For (h,q) = 1, let o, € G be such that 


on (Gq) = es 
Define f;,(n) := f(nh~") for (h,q) =1. Then, we have 


S> fn(a) = —fa(q) = —F(@) and on(f(n)) = fal). 


Hence 


for all (h,q) = 1. This gives that 


L(1, fn) = a fn(a)(W(a/q) +7) = 9. 


Hence by making a change of variable, we have 
S> fa@(b(ah/q) +7) = 0, (23.1) 
(a,q)=1 


where it is implied that ah is taken to be the reduced residue class b (mod q) 
satisfying 
ah = b (mod q). 


Now 
A := (¥(ah/q) + Y)(an,q)=1 


is a Dedekind matrix on the group H= (Z/qZ)* and its determinant (up to a 
sign) is given by 


II >» x(h)(o(h/q) + ») 


yeh \heH 
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If we show that the matrix A is invertible, then f vanishes everywhere and we 
are done. For a non-principal character y of H, 


YS x(k) (h/q) +7) = -¢ L(x). 


heH 


It is classical that L(1,y) 4 0 for x 4 1. Thus we need only to verify that 


Di (h/g) +7) £0. (23.2) 
heH 
Since (a) is an increasing function and w(1) = —7, we have the above identity. 


This completes the proof of the theorem. 
In a recent work [63], a generalisation of the above theorem has been derived. 


Exercises 


1. Let q be an odd prime. Using the fact that the numbers 


__ sinta/q 


Na i= l<a<q/2 


sina /q’ 


are multiplicatively independent units in the cyclotomic field, Q(e?*/4), 
show that the numbers 


log Na, l<a<q/2 
are linearly independent over the field of algebraic numbers. 


2. Apply the previous exercise to show that if f is a rational valued even 
periodic function with a prime period q, then 


a 


3. If f as an odd rational-valued function periodic function with a prime 


period q, then show that 
n=1 uh 


In fact, when the sum converges, show that it is an algebraic multiple of 7. 


4. Show that the two conditions in the statement of the Baker—Birch—Wirsing 
theorem, namely f(n) = 0 whenever 1 < (n,q) < q and the q-th cyclotomic 
polynomial is irreducible over Q(f(1),..., f(q)), are both necessary. 


Chapter 24 


Transcendence of Some 
Infinite Series 


In this chapter, we investigate the transcendental nature of the sum 


S~ A(n) 
neZ B(n) 
where A(x), B(x) are polynomials with algebraic coefficients with deg A < deg B 
and the sum is over integers n which are not zeros of B(x). We relate this 
question to a conjecture originally due to Schneider. A stronger version of 
this conjecture was later suggested by Gel’fond and Schneider. In certain cases, 
these conjectures are known and this allows one to obtain some unconditional 
results of a general nature. 

Let A(x) and B(x) be polynomials in Q{z] with deg A < deg B so that B(z) 
has no integral zeros. We will evaluate the infinite series 


S- Atm) (24.1) 


interpreted as 


We seek to determine under what conditions the sum is a transcendental num- 
ber. One could also allow B(x) to have integral zeros and exclude these integral 
zeros from the sum (24.1). The methods described in this chapter apply to 
this general setting also. We will follow the treatment given by Murty and 
Weatherby in [100]. 
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In 1934, Gel’fond [47] and Schneider [110] independently solved Hilbert’s 
seventh problem which predicted the following result and which we have seen 
before: if a is an algebraic number # 0,1 and {3 is an irrational algebraic number, 
then a? is transcendental. This result has some interesting consequences. For 
example, by taking a = —1 and 8 = —i = —\/—1, we deduce the transcendence 
of e™. Similarly, one can deduce the transcendence of e*? for any real algebraic 
number 8. Based on their investigations, Gel’fond and Schneider were led to 
formulate some general conjectures that provided a concrete goal for researchers 
in subsequent decades. Let us begin with the following conjecture of Schneider: 


If a#0,1 is algebraic and B is an algebraic irrational of degree d > 2, then 


a®,...,a8"* 
are algebraically independent. 


In 1949, Gel’fond [48] proved that if d > 3, then the transcendence degree of 


d-1 


Q(a’,...,a8 ) 


is at least 2. Thus, in the case d = 3, this proves Schneider’s conjecture. Building 
on earlier work of Chudnovsky [33] and Philippon [92], Diaz [43] showed that 


tr.deg.Q(a’,... a") > [| : 


Thus, we have crossed the “midway” point in our journey towards Schneider’s 
conjecture. 

Shortly after their solution to Hilbert’s seventh problem, Gel’fond and 
Schneider were led to formulate a more general conjecture: 


If a is algebraic and unequal to 0,1, and 6 is algebraic of degree d > 2, then 


d-1 
loga,a’,...,a8 


are algebraically independent. 


We refer to this assertion as the Gel’fond—Schneider conjecture. We point 
out that, as will be seen, for our purposes a is a root of unity and we use these 
conjectures only in a special case. 

In the study of the transcendence properties of the series (24.1), the case 
where the roots of B(x) are rational and non-integral is easy. As will be evi- 
dent from the discussion below, the sum in this case is equal to 7P(7), where 
P(x) € Q[z]. Thus, if all the roots are rational and non-integral, the sum (24.1) 
is either zero or transcendental. We seek to establish a similar theorem in the 
general case when B(x) has irrational roots. 
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One of the main theorems of this chapter is the following: 


Theorem 24.1 Let A(x), B(x) € Q[z] with deg A < deg B, A(x) coprime to 
B(x), and A(x) not identically zero. Suppose that the roots of B(x) are given 
by —r1,...,-11 €Q\Z and —q,...,-ax ¢ Q 80 that all roots are simple and 
a, +a; ¢€Q fori #j. Ifk =0, then the series 


$= Fa 


neZ 


is an algebraic multiple of 7. Ifk >1, then Schneider’s conjecture implies that 
S/x is transcendental and the Gel’fond—Schneider conjecture implies that S' and 
nm are algebraically independent. 


Proof. We begin the proof with the following two observations. The first is 
that 


1 
mT cot Tx = ; 
Sexes 
neZ 


which is valid for « ¢ Z. Now, 
eihe + ew ite eE2MT + 1 ; 24 


cot mx = 1— a lo a 
eiT& _ eine e Tie _ 7 


e2tix _ 1’ 


and this will be useful below. The second is that by the theory of partial 
fractions, we can write 


U 
aod Pee 
(x) ; 
Jj 


z+r x % 
m=1 +n ae 


By direct calculation, our series divided by 7 is equal to 
e2Tia; + 1 l e2tirm + 1 
i(yre Cj e2mia; — | = “is DE dm e2Tirm — 1] ? 
m= 


where each c; and dy, is in Q \ {0}. If all of the roots are rational, the first sum 
is empty and S/z is algebraic which proves the first assertion. 

Assume that B(x) has at least one irrational root and suppose that the sum 
S is an algebraic multiple of 7. We have 


e2nr k E27 taj 
m4] j41 
5/n—i tng e2tirm — 1 = ios = jf 
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so that 
k e2rir k 
Cj Me : = 
bo e2Tia; —] -_ S/n oD din ™ e2nirm — 1 — ae Cj =e Q. 
j=l j=l 


By assumption, [Q(a1,...,a%) : Q) = d > 1. Now by the theorem of the 
primitive element, there is a 6 € Q of degree d such that Q(a1,...,ax) = Q(8). 
Thus, we have the equations 


where each naj € Z. Let a = e™/™. If Schneider’s conjecture is true, then the 
numbers 


2 2 d—-1 
GPP a4 tare 
are also algebraically independent. Define rg := a?°° = e?7°°°/M for a = 
1,...,d—1 so that 
Qria; _ 2m ae ling BP 1,5 Nd-1,j 
€ j—=e™M ota” elev ege eg site a 


where 7; = e?7'"0.3/M is a root of unity. 


Making this substitution, we have 


k 
=) - an ae 


pareereal Ta-1 


This implies that all of the x;’s cancel in some fashion leaving only an algebraic 
number. We will now show that this does not occur under the conditions of our 
theorem. 

Let us examine the function 


BURG 24 Xa) mi 7) a . 
Dee t= eon —] 


If we can show that F is not constant, then our sum actually contains some 
variables and we are done. We show that F is not constant by examining F' at 
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some special points. Let y be a new indeterminate. For some integral values 
€1,---,€q—1 to be specified later, let X; = y®. We have that 


k 
F(y%,.. . yee 1) = Le aged 


4 Vi e€_y 
where 77 = (n1,;,---,Md—1,;) and € = (e€1,...,€a—1). For any 77 -€ < 0, we have 
_— 1 
yyrre 1 Ge | 


so that 


e1 €d-1) — _ sgn( ny “B) 
Fan) = Dethe FROM yet (24.2) 


where sgn(xz) = 1 if > 0 and —1 otherwise. If every power of y that appears 
in the second sum is different and non-zero, then we can group each summand 
over a common denominator and notice that the degree of the numerator will 
be less than the degree of the denominator. It is easy to see that if the function 
above in (24.2) (as a function of y) is constant, then each c; = 0, which is 
a contradiction. Hence, if we can guarantee the condition that each |7; - é| 
is different and non-zero, then our function is not constant, and therefore the 
transcendental part of our original series does not vanish and we are done. 

We now specify €. We wish to choose integers e; such that nj -€ A nz - € 
for 7 # j’. We also need each 77 -€ # 0 as well. Thus, we need € which 
simultaneously satisfies 


Ol 


F- 0 
- 0. 
To find such an €, we use a lattice point argument. For positive integer D, let 


Ip = (0, D]. Examine the box Bp = I! which contains a total of D¢! lattice 
points. We wish to avoid points which satisfy the equations 


(nj = yr) - 


a 
Ol 


(nj +757) -€ = 0 


S 
Ol 


Our conditions on the irrational roots ensure that 77 +777 4 0 so that none of 
these equations is trivially satisfied. There are at most D?~? lattice points in 


Bp which satisfy each equation. We have 2 ( equations of the first form 


2 
and k equations of the second type. Thus for D large enough, we have at least 


pit _(k+2( ; )) prot 
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lattice points to choose from for €. Thus, there exists such an € which shows 
that our function F' is not constant. This shows that 0, and therefore S/z 
is transcendental and we have the second assertion of our theorem. To show 
the third assertion, we observe that the Gelfond—Schneider conjecture predicts 
that the d numbers 


log(a),a%,...,a" 


are algebraically independent. In our setting, this conjecture implies that 7 and 
1,---,€q—1 are algebraically independent which completes the argument. 


The condition that B(«z) has only non-integral roots is not a serious con- 
straint. In fact, it can easily be removed in some cases if we understand that 
we are considering sums 

pa) (24.3) 

(n) 

where the dash on the sum means that we sum over only those integers n which 
are not roots of B(a). More precisely, we now indicate how Theorem 24.1 is 
valid (partially) if we remove the restriction that B(x) has no integral roots 
and we interpret the sum (24.3) as omitting the integral zeros of B(x). Indeed, 
suppose that —n,,...,—mz are all the integral roots of B(x). After expanding 
A(x)/B(«) in partial fractions, we encounter three types of sums: 


i Ff rd 1 
Deane ieeces and ans, (24.4) 


neZ neZ neZ 


nezZ 


Clearly, in relation to transcendence, the first sum above has no effect. 
The second and third sums of (24.4) are 


t t 


1 1 
nm cot mr; — » and mcot7a; — ye 


Ny Gee 5 + QQ; 


j=l j=l 
Since the second sum for each is algebraic, it is clear that when B(x) has at 
least one integral zero we will obtain a similar conclusion to the last part of 
Theorem 24.1 where there are no integral zeroes. More precisely, in the same 
setting of Theorem 24.1 with k > 1, allowing B(x) to possibly have integral 
roots, the Gelfond—Schneider conjecture implies that the sum (24.3) and 7 are 
algebraically independent. 

Since the Gelfond—Schneider conjecture is still far away from being est- 
ablished, and we are somewhat “nearer” to the Schneider conjecture, it is 
reasonable to ask what can be said about the number S in the previous theorem 
assuming this weaker conjecture. Here one has the following. 


Theorem 24.2 Fix nonconstant polynomials Aj(x), A2(x), Bi(x), Bo(x) € 
Q|z] so that A;(a) has no common factors with B;(a), deg(A;) < deg(B;) 
and the functions A,(x)/By(%), A2(x)/Bo(x) are not scalar multiples. Write 
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B(x) = lem(Bi (2), Bo(x)) and suppose that B(x) has only simple irrational 
roots given by —a1,...,—Qn such that a; +a; ¢ Q fori # j. If Schneider’s 
conjecture is true, then the quotient 


Aj (n) Ao(n) 
(Sain) (Za) 


Proof. We first work with the case that By(x) and B(x) are scalar multiples. 
Without loss of generality, we can assume that B,(7) = Bo(x) = B(x). By 
partial fractions we write 


is transcendental. 


and 


for some c;,C; € Q. As in the proof of Theorem 24.1 , we have 


Ai(n) ; Ao(n) e 
= = 2 
a Bin) mi( By + 261), Xu B(n) Ti(Be + 42) 
where 
k k k C; ¥ C; 
i= > Gn) Gs O =) ee, PS oe Se 
j=l j=1 j=) — 


Theorem 24.1 implies that 6; and 62 are transcendental. If the ratio of the two 
series is algebraic then 


A,(n) Ag(n) _ 
Lag 2 Ba 


for some algebraic \ 4 0. Thus 

2(0, = AO2) = AB2 = Pi. 
We now focus on 

k 
0, — 492 = 
j=l 

Similar to the proof of Theorem 24.1, we see that 6; — 2 is algebraic only 
if c; — AC; = 0 for each j. This implies that Ai(a) = A2(a%) which gives a 
contradiction. 
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Next we assume that B,(x) 4 aB(x) for any algebraic number a. That is, 
without loss of generality, B(x) has a root R such that B\(R) 4 0. Suppose 


that the quotient 
Aj(n) Ap(n) 
(= a I (>: 0) 


neZ 


is algebraic. Inserting the appropriate missing factors to each numerator respec- 
tively, we have that the quotient 


Ai(n) Ag(n) 
(= Bln | (= ma) 


nez 


is algebraic. We see that we are in a situation close to the previous case. We 
remark that in the previous case, A;(a) need not be coprime with B;(«) = B(x). 
If there were common factors, some of the (say) c;’s would simply be zero and 
we would still obtain the same contradiction. With this in mind, if the quotient 
of series is algebraic, then according to the previous case, there is a non-zero 
 € Q such that 

Ai(z) _ , A(z) 

B(x) B(x) 


which simplifies to 

Ai(z) _ , A2(z) 

Bi(t) — Ba(x) 
Since R is a pole of the right side but not the left, we have a contradiction and 
we are done. 


A simple corollary of Theorem 24.2 is that by assuming Schneider’s conjec- 
ture, along with our condition on the irrational roots of B(«), one can establish 
the transcendence of S with “at most one exception”. 

Both the Schneider conjecture and the Gelfond—Schneider conjecture are 
special cases of the far-reaching Schanuel’s conjecture. As discussed earlier, 
this conjecture predicts that if the complex numbers 21,...,%, are linearly 
independent over Q, then 


tr.deg. Q(x1,...,%n,e71,...,€°") > n. 


An interesting consequence of this conjecture is that a and e are algebraically 
independent. If 21,...,2, are algebraic numbers, the assertion of the Schanuel’s 
conjecture is the Lindemann—Weierstrass theorem. Beyond this, the general 
conjecture seems unreachable at present. However, as mentioned in the intro- 
duction, progress has been made on the Schneider conjecture and this allows 
one to make a some of these results unconditional. To standardise the setting 
throughout, let Ky = Q(ai1,...,a%), the field generated by the roots of B(x), 
and let K2 be Ky adjoin the coefficients of A(x) and B(x). Restricting our- 
selves to the case where B(x) has simple roots, the following are unconditional 
versions of Theorems 24.1 and 24.2, respectively. 
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Theorem 24.3 In the same setting as Theorem 24.1, if [Ki : Q| = 2 or 3, 
then S/x is transcendental. If Ky is an imaginary quadratic field, then S' is 
algebraically independent from 7. 


Theorem 24.4 In the same setting as Theorem 24.2, if [Ki : Q| = 2 or 3, then 


the quotient 
A1(n) Ag(n) 
(= za) / (= a) 


neZ 


is transcendental. 


Here is the proof of the above theorems. Since Schneider’s conjecture is 
true for d = 2,3 (Gel’fond), we immediately have Theorem 24.4 and the first 
part of Theorem 24.3. To prove the second part of Theorem 24.3, we invoke the 
theorem of Nesterenko [87] discussed before, namely, if Q(/—D) is an imaginary 
quadratic field with D > 0, then 7 and e"VP are algebraically independent. 
Thus, S is algebraically independent from 7. 

In the above theorems, we restricted ourselves to the case of simple roots. 
We can also derive results in the case of multiple roots. For this, we shall need 
the following lemma regarding derivatives of the cotangent function. 


Lemma 24.5 Fork > 2 and « ¢ Z, 


dk-1 


7 (meot(na)) = (2m) (a4 Sacto a 


e2mia _ | (e2mi@ — 
where each Ai; € Z with Api, Arn A 0. 
Proof. We have that 
ncot(mx) = wi + 2ni/(e?™* — 1). 
Differentiating this we obtain the result for k = 2. Assuming that the equality 


is true for all k < t. Then by induction we have Ay_11,..., At—1z-1 € Z with 
At—1,1, At-1,t-1 # 0 such that 


t—2 
“ (Fa(eot(na)) = (oni)? (4 haat et) | 
XL XL r 


e2ria —]1 (e2rtw = Le" 


This is equal to 


j ecm e2Tix 
Qni At— -e+— (t — 1) At_i1¢-1 ————— } - 
(27%) ( t-1,1 (erie — 12 ( )At-1t-1 (e2nix — x) 


By subtracting and adding 1 from each numerator, we have 


Qniz _ 444 ec" 74] 
Dr)? | Ae eg ek ag 
( Tt) ( t—1,1 (e2r ie _ 1)? ( ) t—1,t-1 (e2mtw — 1)! 
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which equals (277)* times 


( At—11 Ati = (t¢-lArii-t (t- caee 


e2rix ==] (E27 = 1)? (e2r = 1)t-1 (e2mtw = 1)t 


and this gives the result. 


Since 


S- : cot(72) b+ on 

= Tx) = Tt + ——_ 
n+ez e2mix _ 1” 
neZ 


a consequence of Lemma 24.5 is that for each k > 2, 


: =1)*"* ri)" Agi Ak, k 
» (n+ a) = ar (wey qe ag (24.5) 


neZ 


for Apz,;’8 as above. 
We are now ready to consider the case of multiple roots. Let us start with 
the following theorem. 


Theorem 24.6 [f the Gelfond-Schneider conjecture is true, then for any 
A(x), B(x) lying in Q|a] with deg(A) < deg(B) and B(n) 4 0 for any n € Z, 
the series 


is either zero or transcendental. 


Before we start the proof of the above theorem, it is useful to remark that 
if B(x) has only rational (and not integral) roots, then it is not hard to see 
from the previous lemma that the value of (24.1) is a polynomial in a with 
algebraic coefficients and zero constant term. Thus, again the sum is either zero 
or transcendental. So we can focus on the case of irrational roots. Indeed, if 
we also allow —n1,...,—mz to be integral roots and understand the sum over Z 
excludes these integral roots, we are led to study, as before, sums of three types: 


/ 


’ 1 1 
——— yA d , 24. 
3 (n+n,)¥’ dX (n+r;)* se Mcrae: nea eon) 


neEZ neEZ 
The third sum is 


(=)! 
(k—1)! 


D*-1 (x cot rx) 


T=Qj ; 


t 
j= 


i (n; + a;)* : 

and the last sum is algebraic. A similar comment applies for the middle sum, 
which turns out to be an algebraic multiple of z* plus a rational number. Finally, 
the first sum is easily seen to be a rational multiple of 7* plus a rational number. 
Thus, in the case that there are integral roots and we sum over those n € Z 
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which exclude those roots, we are able to assert the stronger theorem that the 
series is either given explicitly as an algebraic number, seen as the sum of the 
remainder terms Sy above, or is transcendental under the assumption of 
the Gelfond—Schneider conjecture. 

We can now proceed to prove Theorem 24.6. Let —ay,...,-axr € Q\Z 
be the roots of B(x) with multiplicities m1,...,m, respectively. By partial 


fractions we write 
ko mj 
(2 +a; 
=1 l=1 @+ aj) 


By Lemma 24.5 we have that eo (n)/B(n) is equal to 


: e2Tiaj a 1 
iS” Chi maa yt (24.7) 
j=l 
kom i 1 l 
Cc (Q7i A A 
aed ju(— S 7 ) (aad pte (ara Ty st) 
j=l l=2 


Viewing this as a polynomial in 7 (with zero constant term), we analyse the 
coefficients. By the primitive element theorem, there is an algebraic ( of degree 
d such that Q(3) = Q(a1,...,a%). Thus, as before, we can write each 


L& 
w= FF Yo 0,58" 
a=0 
for some integers M,nq,; so that 


e2tey -Tl E27 ina 5B" /M 


Let a = e™/™ go that we have that each coefficient of a given power of 


m in (24.7) lies in the field Q(a®,...,a%° '). Since the Gelfond-Schneider 
conjecture implies that 1,a°,...,a° “™ are algebraically independent, we con- 
clude that the sum is either zero or transcendental. This completes the proof of 
Theorem 24.6. 

One also has the following theorem in this context. 


Theorem 24.7 Let A(x),B(x) € Q|z] with deg(A) < deg(B), and A(z) 
coprime to B(x). Suppose that the roots of B(x) are —ri,...,-T1 € Q\Z 
and —ay,...,-an € Q withk > 1. Let N be the maximum order of all the 
irrational roots and suppose that for distinct a;,a; of order N, ata; €Q. If 
the Gelfond—Schneider conjecture is true, then the series 


A(n) 


and 7 are algebraically independent. 
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Proof. The case that N = 1 is dealt with in Theorem 24.1, so assume that 
N > 1. Let v1,...,v, and mj,,...,mz be the orders of the roots respectively. 
By partial fractions we have 


A(x) _ eile ce 
Bla) ~ 2a Stash (x + a;) Lys fae 


neZ 
equals 
k 2 
: e TU 5 + i 
ri) Cj 1 2ria; 1 
j=l 
ko om; : 
5-5 Se 1(27i)! ( Ali eaude Ang ) 
== (l 7 1)! e2Tta; eon’ (e270; = 1) 
t 2 
; e2tirs oe 1 
+ni } od, 1 2Tirs 1 
s=1 
sy ds.u(—1)*—} (2mi)" ( Aut An ) 
whe —])! 27iTrs _ Pe Qrirs _1)\u]° 
rar kee (u—1)! e€ 1 (e 1) 


We view this sum as a polynomial in 7. We examine the coefficient of 7. Note 
that the rational roots contribute algebraic numbers to this coefficient so we 
ignore them for now. We focus on the transcendental portion of this coefficient 
which comes from the irrational roots part of the above sum. That is, ignoring 


N-1 -\N 
the common factor of are ene we examine 
Any ; Ay,n 
CIN \ Ciriay — 1 i (e2"iaj; —])N } 


ord(aj)=N 
We proceed similar to the proof of Theorem 24.1 and let 
M, B,d, 10,5, 0, Yj,Ta,XasY 
and € be as described there. By showing that there is an € so that the function 


Ani An,n ) 
Cj. ——>— + eRe + > 
> iN ( : . (yy * — 1)N 


Tze 
ord(a;)=N wae l 


a (faa =P 
J; 7jye _ 1\N 
ord(a;)=N (iy 1) 


F(y) 


l 
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is not constant, we show that the original coefficient of 7% is transcendental. 
By the remarks made above (24.2), we can assume that each 77; - € is positive 
(or else we could remove an algebraic number as we see in (24.2)). Note that 
we can choose € such that each nj - € is distinct and non-zero. Thus, after 
placing everything over a common denominator, we have a function in y whose 
numerator has smaller degree than the denominator. If this function is constant 
(and therefore equal to zero), it is easy to see that this implies that each cj, 
is zero which is a contradiction. Thus the coefficient of 7% is transcendental. 
Write 


= A(n) _ N 
S= Bm ONT +---+C,1 
neZ 
where each C; € Q(a’,..., a") and Cy ¢ Q. Similar to before, the Gelfond— 


Schneider conjecture implies algebraic independence of a and the coefficients, 
C;, thus S is transcendental and in fact algebraically independent with 7. 


In the case of multiple roots, these methods allow one to obtain the following 
theorem. It can be viewed as a natural generalisation of Euler’s classical theorem 
that ¢(2k) € 1?*Q, where ¢(s) is the Riemann zeta function. As before, let 
Ky, = Q(ay,...,a%), the field generated by the roots of B(x), and Kz be Kk; 
adjoin the coefficients of A(z) and B(x). 


Theorem 24.8 Let A(x), B(x) be polynomials with algebraic coefficients, 
deg A < deg B, and A(x) is co prime to B(x). Let Ky be either an imagi- 
nary quadratic field or Q. If B(x) has no integral roots, then 


ooo 
neZ B(n) 
is either zero or transcendental. If B(x) has at least one integral root, then the 
sum is either in K2 or transcendental. If B(x) has at least one irrational root 


and all irrational roots satisfy the conditions of Theorem 24.1 that a; +a; ¢ Q 
fori # J, then the sum is transcendental. 


Proof. Suppose first that K, = Q and that B(x) has no integral roots. 
Using (24.5), the sum of the series is P() for some polynomial P(x) € Q[a]. 
If P(x) is identically zero, the sum is zero. If P(a) is not identically zero, then, 
the sum is a non-constant polynomial in 7 and hence transcendental. Suppose 


now that Ay is an imaginary quadratic field Q(V—D) with D > 0 and B(x) has 
e2Tt@ 4 


no integral roots. Again using (24.5) and the identity }) cz tz) = Ties 


our sum is of the form 
rR(r, env Pies 


where R(x,y) is a rational function with algebraic coefficients which is poly- 
nomial in « and M is the same as was defined in the proof of Theorem 24.1. 
If R(x, y) is identically zero, the sum is zero. If it is not identically zero, by 
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Nesterenko’s theorem, it is transcendental since 7 and e"V? are algebraically 
independent. This completes the first part of the proof. 

To treat the case that B(a) may have integer roots, we argue as in the earlier 
theorems. In this context, we inject the observation made earlier with the three 
sums (24.6) from which it was deduced that the sum in question is of the form 


wP(n) +nR(r, env Dey + algebraic number, 


where the algebraic number lies in the field K2 being essentially a finite sum of 
terms of the form 
C5, ds,u €n,q 
(ne t+aj)'" (me+rs)"” (mt —np)4 


where n; is an integral root, a; is an irrational root, rs is a rational root, np is an 
integral root not equal to nm, and c;1,ds,u, p,q are the coefficients arising from 
the partial fractions decomposition of A(x)/B(«). It is clear that the algebraic 
number is an element of K. Thus, if P(a)+ R(x, y) = 0, then the sum is in Ko, 
otherwise the sum is transcendental by the earlier argument using Nesterenko’s 
Theorem. 

Finally, if the irrational roots of B(x) satisfy the conditions of Theorem 24.1, 
then R(x, y) depends on the variable y in which case we can conclude the sum 
is transcendental. 


There are easily identifiable situations when one can say definitively that 
the sum is transcendental. For example, as in Theorem 24.8, if the irrational 
roots of B(a) satisfy the conditions of Theorem 24.1 and generate an imaginary 
quadratic field, then the sum is transcendental. But there are other cases when 
the conditions of Theorem 24.1 may not be satisfied and still, one can check 
directly that the sum is transcendental. (See for example, Exercise 2 below.) 

Another illustration is given by a problem investigated by Bundschuh. In 
1979, Bundschuh [26] studied the series 


> —~ ; (24.8) 


|n|22 


and showed using Schanuel’s conjecture that all of these sums are transcenden- 
tal numbers for k > 3. An examination of his proof shows that the “weaker” 
Gelfond—Schneider conjecture is sufficient to deduce his result. The methods de- 
scribed in this chapter allows one to deduce unconditionally that the sum (24.8) 
is transcendental for k = 3,4 and 6. 


Exercises 
1. Show that 


2n—1 
—>——_ =0. 
De mare 
neZ 
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2. Prove that 


3 1 on e2nvD/A _ 4 
Kz An? + Bn+C ~ VD \ e2tVDIA — 2(cos(mB/A))etYP/4 +1 
is transcendental if A,B,C € Z and —D = B? — 4AC < 0. Deduce that 


the value of the sum is a transcendental number. 


3. From the previous exercise, deduce by taking appropriate limits that 


¢(2) = 1/6. 


4. Deduce a formula for 


1 
Dy, (An? + Bn+C)* 


by treating the sum as a function of a continuous variable C' and differen- 
tiating the right-hand side with respect to C. 


5. Show that at least one of 


is transcendental. 
6. Show that for k = 2, the sum (24.8) is a telescoping sum equal to 3/2. 


7. Show that for k = 4, the sum (24.8) is equal to 


ALN 


T 
— =cothz7, 
2 


and that it is transcendental. 


Chapter 25 


Linear Independence 
of Values of Dirichlet 
L-Functions 


We have seen before that for any non-trivial Dirichlet character , mod q, L(1, x) 
is transcendental. In this chapter, we study the possible Q-linear relations 
between these values of L(1,x) as x ranges over all non-trivial Dirichlet char- 
acters mod q with gq > 2. More precisely, following [97], we will prove the 
following: 


Theorem 25.1 The Q-vector space generated by the values L(1, y) as y ranges 
over the non-trivial Dirichlet characters (mod q) has dimension y(q)/2. 


We note that the analogous question for the dimension of the Q-vector space 
generated by these special values is not yet resolved except in certain special 
cases. For instance, when (qg,y(q)) = 1, we know that the dimension of the 
Q-vector space generated by these L-values is y(q) — 1. 

An important ingredient in the proof of the above theorem is the properties of 
a set of real multiplicatively independent units in the cyclotomic field discovered 
by K. Ramachandra (see Theorem 8.3 on p. 147 of [130] as well as [103}). 
We shall give the details along the course of the proof. 

We begin with a straightforward result from group theory which is an 
interesting variant of Artin’s theorem on the linear independence of the irre- 
ducible characters of a finite group G. As usual, we can define an inner product 
on the space C(G) of complex-valued functions on G. Indeed, if f,g € C(G), 
then 


1 — 
(fa) = yD Fedo). 


xEG 
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Lemma 25.2 Let G be a finite group. Suppose that 

SS" x(g)uxy =0 

X#1 
for all g € 1 and all irreducible characters x #1 of G. Then uy = 0 for all 
xX #1. 


Proof. For any irreducible character ~ 4 1, we can multiply our equation by 
w(g)/|G| and sum over g # 1 to obtain 


LW ae 
0= GOO) Dx) = om ((x.¥) - Sar) 


gAl X#1 X#1 
Thus, by the orthogonality relations, 
vd) vo) 
0=uy,-— x(1) = uy — —S (say) 
ig 2 XC) G 


Recalling that 
1 
iq SS" x(g)x(1) =0 
x 


unless g = 1, we deduce that S = 0. Hence uy, = 0 for all x 4 1 as desired. 


Let us record the following version of Baker’s theorem which is amenable for 
our applications. 


Lemma 25.3 If a1,...,Qn € Q\{0} and B1,..., Bn € Q, then 
Bi logai +--++ Bn log an 


is either zero or transcendental. The latter case arises if loga,,...,logan are 
linearly independent over Q and 1,..., 8, are not all zero. 


As before, for all purposes we interpret log as the principal value of the 
logarithm with the argument lying in the interval (—7, 7]. 

In particular, if loga,,...,loga@, are linearly independent over Q, then they 
are linearly independent over Q. 

As an application of the above lemma, we first prove the following: 


Lemma 25.4 Let a1, Q2,...,Qn be positive algebraic numbers. If co,c1,.--,€n 
are algebraic numbers with co 4 0, then 


n 
com + S- Cj log a; 
j=l 


is a transcendental number and hence non-zero. 
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Proof. Let S be such that {loga, : 7 € S} is a maximal Q-linearly independent 
subset of 
logay,..., log an. 


We write 7 = —ilog(—1). We can re-write our linear form as 


—ico log(—1) + S- d; log aj, 
jes 


for algebraic numbers d;. By Baker’s theorem, this is either zero or transcen- 
dental. The former case cannot arise if we show that 


log(—1), log a;, J e$ 


are linearly independent over Q. But this is indeed the case since 
bo log(—1) + © bj loga; = 0 
jes 


for integers bo, b;,7 € S implies that bo is necessarily zero. This is because the 
sum Dyes b; loga; is a real number since each a; is a positive real number. 
But then 6; = 0 for all 7. This completes the proof. 


One of the crucial ingredients for the proof of our theorem is the following: 


Theorem 25.5 Let fe be an even algebraic valued periodic function defined 
over integers with period q. Suppose it is supported at co-prime classes (mod q) 
with S>4_, fe(a) =0. Then L(1, fe) #0 unless f. is identically zero. Moreover, 
L(1, fe) is an algebraic linear combination of logarithms of multiplicatively inde- 
pendent units of the q-th cyclotomic field. In particular, if fe 1s not identically 
zero, then L(1, f-) ts transcendental. 


Proof. The proof involves a different approach to the original problem of 
Chowla. The strategy is to write any periodic function as the sum of an even 
and odd function. Let us consider an algebraic-valued function f supported on 
the co-prime classes (mod q) with 


We want to write f as 
f = fe + té 
where fe is even (ie. fe(—n) = fe(n)) and fo is odd (ie. fo(—n) = —fo(n)). 


Since the characters form a basis for the space of such functions, we can write 


f= Sone 


XA 
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Here the sum is over non-trivial Dirichlet characters x (mod q). Note that the 
trivial character is absent because 


Thus, we obtain the desired decomposition for f by considering 


fe= > CYX; 


x even, x41 


and 


fo= S- CyX: 


x odd 


We recall that Ramachandra (see Theorem 8.3 on p. 147 of [130] as well as [103]) 
discovered a set of real multiplicatively independent units in the cyclotomic field. 
Let us denote these units by €, (with 1 < a < q/2 and (a,q) = 1) following 
the notation of [130]. A fundamental property of these units is that it enables 
us to obtain an expression for L(1, x) for an even non-trivial character y which 
is amenable for applying Baker’s theory. More precisely, one has the following 
formula: for even x with y 4 1, we have 


L(,x)=Ay D> X(a)logéa, (25.1) 


l<a<q/2 


where A, is a non-zero algebraic number. See the proof of Theorem 8.3 on 
p. 149 in [130] for deriving this expression. We note that this can be regarded 
as the cyclotomic analogue of one of the main theorems of [102] in the case of 
an imaginary quadratic field (see also [103}). 
To elaborate, let ¢ be a primitive g-th root of unity and following Ramachan- 
dra [102], define 
1 = cad 
“ TH 
d\q.d#q,(d,q/d)=1 


Setting 
1 
da = 5(1-a) S- d, 
d\q,(d,q/d)=1,d4q 


one sees that £4 = ¢4*nq lies in the real subfield Q(¢ + ¢~1). These are the 
multiplicatively independent units for 1 < a < q/2 with (a,q) = 1. Following 
the calculation on p. 149 in [130], we see that 


Yox@)  S) — logli—ce4| 


a=1 d|q,(d,q/d)=1,d#q 
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is a non-zero algebraic multiple of L(1,). This easily leads to the formula (25.1) 
above. For a more detailed theory, we direct the reader to Theorems 8, 9 and 12 
in [102] (see also [98] for an application in a different set-up). Thus we have 


L(1, fe) = S> cy L(1, x) 


x even,x41 
= S- Cy Ay > X(a) log &a 
x even, x41 l<a<q/2 


- Dy S- AyceyXx(a) | log &a. 


l<a<q/2 \xeven,xAl 


Since the €,’s are multiplicatively independent, the log €,’s are linearly inde- 
pendent over Q. By Baker’s theorem, they are linearly independent over Q. 
Consequently, L(1, f-) = 0 if and only if 


‘s AycyXx(a) = 0, l<a<q/2. 
x even, x41 


Now the even characters of (Z/qZ)* can be viewed as characters of the group 
(Z/qZ)* /{+1}. Thus by Lemma 25.2 and since A, # 0, we deduce that c, = 0 
for all even x. This proves the theorem. 


As an immediate corollary, we deduce the following result in the classical 
case: 


Corollary 25.6 L(1,y), as x ranges over non-trivial even characters mod q, 
are linearly independent over Q. 


We remark that the above corollary together with Schanuel’s conjecture 
implies the algebraic independence of the L(1,.) as x ranges over the even 
Dirichlet characters mod q. 

Finally, we shall need the following observation which we leave as an exercise. 


Lemma 25.7 For any odd Dirichlet character x, L(1,x) is an algebraic multi- 
ple of a. 
We can now prove the main result of the chapter. As noted above, for odd 


characters, each D(1, x) is equal to an algebraic multiple of 7. However for an 
even non-trivial character, as we have seen before, L(1, y) is a non-zero algebraic 


multiple of 
q 
Sox(a) >> log|1— a4. 
a= d|q,(d,q/d)=1,d4q 
Thus in view of Lemma 25.4, the Q-space generated by the even L(1, x) values 
is linearly disjoint from that generated by the odd L(1,y) values. Since for any 
odd character x, L(1,) 4 0, this proves our main theorem. 


158 
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Exercises 


Prove that for any odd Dirichlet character y mod q, L(1, x) is an algebraic 
multiple of 7. 


Prove Artin’s theorem that the irreducible characters of a finite group are 
linearly independent over the field of complex numbers. 


Show that Schanuel’s conjecture implies that the numbers L(1, x), where 
x ranges over the non-trivial even Dirichlet characters mod q, are alge- 
braically independent. 


Without appealing to the Ramachandra units, show directly that for any 
non-trivial even Dirichlet character y mod q, L(1, x) an algebraic linear 
combination of logarithms of positive algebraic numbers. 


Show that for any prime p, the numbers L(1, x), where y runs over the 
non-trivial Dirichlet characters mod p, are linearly independent over Q. 


Chapter 26 


Transcendence of Values 
of Class Group L-Functions 


In this chapter, we consider the analog of the question discussed in Chap. 25 for 

class group L-functions. We refer to the original work [96] for further details. 
Let K be an algebraic number field and f a complex-valued function of the 

ideal class group Hx of K. Here, we consider the Dirichlet series 

f(a) 

L = 26.1 

(A= Dx (26.1) 


where the summation is over all integral ideals a of the ring of integers Ox of K. 
If f is identically 1, then L(s, f) is the Dedekind zeta function of K. If f isa 
character x of the ideal class group Hx of K, then L(s, x) is a Hecke L-function. 

Let us begin with the following theorem. We have seen a similar result in 
Chap. 22. 


Theorem 26.1 L(s,f) extends analytically for all s € C except possibly at 
s=1 where it may have a simple pole with residue a non-zero multiple of 


pr:= >> f(a). 


acHK 
The series (26.1) converges at s = 1 if and only if pr =0. 


Proof. Since f is a function on the ideal class group, we have 


Lis, f)= Sd) fO¢(s,©) 


CEH K 
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where 


Na 
ace 


It is classical (see [76]) that each ¢(s,€) extends to all s € C with the 
exception of s = 1, where it has a simple pole with residue 


2" Qn)" Rix 
wy/|dx| 


where r; is the number of real embeddings, 2r2 is the number of complex 
embeddings and Rx is the regulator of K. We conclude that L(s, f) extends 
analytically to all s € C apart from a simple pole at s = 1 with residue 


2127)" Rr 
£(€ 
sar Xf) 


Thus, L(s, f) is analytic at s = 1 if and only if py = 0. To study the convergence 
of the Dirichlet series L(s, f) at s = 1, we proceed as follows. The number of 
ideals with norm < zw and lying in a fixed class € is well known to be (see [76]), 


Cie ae O(a7), (26.2) 
wy/\dx| 


where d is the degree of kK over Q. Letting 


d— fla) 


N(a)<a 
we have by the general technique of partial summation (see p. 17 of [94]) that 


* S(x) 
L(s, f) =S : patie 


for R(s) > 1. Now, 
271 (2 mw)? R d 
=> Dd fo=>d5 fe yer "dal Ko o(e%)) 
CCH K a€e,N(a)<a CCH K 
which is easily seen to be 


2 OmP RKP + O(eatt), 
wy/\dx| 


Hence, by partial summation, it follows immediately that the Dirichlet series 
L(s, f) converges at s = 1 if and only if py =0. This completes the proof. 
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Thus in the case that the series converges at s = 1, it makes sense to consider 
the Dirichlet series 


LQ, f)= > aay 


Our goal in this chapter is to investigate special values of L(s, f) at s =1 
when K is an imaginary quadratic field and f takes algebraic values. In partic- 
ular, we will investigate the transcendental nature of L(1,) when x is an ideal 
class character. 

The basic tools are Kronecker’s limit formula and Baker’s theory of linear 
forms in logarithms. In particular, we will show that the values L(1, x) are 
linearly independent over Q as y ranges over non-trivial characters of the ideal 
class group (modulo the action of complex conjugation on the group of charac- 
ters). This is analogous to the result we discussed in Chap. 25. 

We will use Kronecker’s limit formula as discussed in the works of Siegel 
[113], Ramachandra [102] and Lang [77]. We cannot give an in-depth discussion 
about these topics, but shall be content with a brief review. 

Let A(z) be the discriminant function: 


A(z) = (2m)? qT] —4")* = (2) nz)4, =, 


Here 74 is the Ramanujan cusp form. 
Now let K be an imaginary quadratic field and let 6 be an ideal of Ox. 
If [G1, G2] is an integral basis of b with S(32/61) > 0, we define 


g(b) = (2m)~(N(b))°A(B1, 62), 


where 
A(w1, we) = me (=) 5 
Wy 

One can verify (as on p. 109 of [102]) that g(b) is well defined and does not 
depend on the choice of integral basis of b. Furthermore, g(6) depends only on 
the ideal class 6 belongs to in the ideal class group (see Lemma 2 of [102], also 
p. 280 of [77]). Thus, if € is an ideal class, we write g(€) for the common value 
g(6) as 6 ranges over the elements of the class €. 

Let dx be the discriminant of K and w denote the number of roots of unity 
in Ox. As before, writing 


1 
((s,€) d Nita 
for the ideal class zeta function, we have by Kronecker’s limit formula 
2a 
~ wy/Idxl 


as s > 17. (Note that there is a sign error in formula (2) on p. 280 of [77].) 


¢(s,8) (<5 + 27-loelaa| - Flogla(€)1) +0(s-1), (263) 


162 Transcendence of Values of Class Group [-Functions 
Proposition 26.2 If €; and €2 are ideal classes, then g(€i1)/g(€2) is an 
algebraic number lying in the Hilbert class field of K. 


Proof. This follows immediately from Lemma 3 of [30] and is a classical result 
from the theory of complex multiplication. 


Furthermore, we have 


Proposition 26.3 Let Ky be the Hilbert class field of kK. Now if p is a prime 
ideal of K and oy is the Frobenius automorphism in Gal(Ky/K), then for any 
ideal b, g(b)/g(Ox) € Ky and we have 


op» (9(6)/9(Ox)) = g(p'6)/9(p OK), —9(6)/g(Ox) = g(6-")/9g(Or). 
of [7 


Proof. The first part is the content of Theorem 1 on p. 161 of [77]. The action 
of complex conjugation is easily deduced from the equation j(6) = j(6) for the 


j-function 


For imaginary quadratic fields, by a deeper analysis we will show the 
following: 


Theorem 26.4 Let K be an imaginary quadratic field and f : Hx > Q 
be not identically zero. Suppose that pp = 0. Then, L(1,f) #4 0 unless 
f(€)+f(€-') =0 for every ideal class € € Hx. Moreover, L(1,f)/m is 
a Q-linear combination of logarithms of algebraic numbers. In particular, 
L(1, f)/m is transcendental whenever L(1, f) £0. 


This result has several interesting corollaries. Before giving a proof of the 
above theorem, let us first derive these consequences. 


Corollary 26.5 Let K be an imaginary quadratic field and x a non-trivial char- 
acter of the ideal class group of K. Then, L(1,x)/m is a non-zero Q-linear 
combination of logarithms of algebraic numbers and hence transcendental. 


Proof. To prove this corollary, we begin by noting that in the case K is an imag- 
inary quadratic field, the formulas become simple and we can apply Kronecker’s 
limit formula. In this situation, when the series converges, we have by (26.3) 


L(A, f) —1 
f(©)l 26.4 
. = 2 )log|g(C~)| (26.4) 


Now we invoke Proposition 26.2. Indeed, by this proposition, we have for the 
identity class €o, that g(€~')/g(€o) is algebraic. Thus, as ps = 0, we have 


Lf) _ 
. Ta of log |g(€-1)/9(€o)) (26.5) 


for any fixed class €9 of Hx. Specialising to the case f = y, where y is a 
non-trivial character of the ideal class group Hx, and using the theorem that 
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L(1,x) 4 0, we deduce Corollary 26.5 by virtue of Baker’s theorem. This 
completes the proof. 


Since complex conjugation acts on the group of ideal class characters we see 
by a simple calculation that L(1,y) = L(1,X) for any ideal class character x. 
We denote by Hi, a set of orbit representatives under this action. Now we have: 


Corollary 26.6 Let kK be an imaginary quadratic field and Hx its ideal class 
group. The values L(1,x) (as x ranges over the non-trivial characters of Hi, ) 
and m are linearly independent over Q. 


Proof. Suppose that 
S- cyD(1, x) € Qr, 


XALXEHR 
for some cy € Q. Then, setting 
f= S- XX 
XAL,XEHR 


we have L(1, f)/7 is algebraic. Since py = 0, we can apply Theorem 26.4 and 
deduce that f is identically zero. By the independence of characters, this means 
that each cy is zero. 


Thus in the special case that the ideal class group Hx is an elementary 
abelian 2-group, the corollary implies that the L(1,y) as y ranges over the 
non-trivial characters of Hx are linearly independent over Q. 

Theorem 26.4 also implies that at most one such L(1, x) is algebraic. Indeed, 
the following corollary follows directly from Corollary 26.6 since two algebraic 
numbers are linearly dependent over Q. 


Corollary 26.7 All of the values L(1, x) as y ranges over the non-trivial char- 
acters of Hi, with at most one exception, are transcendental. 


The elimination of this singular possibility, in other words, the proof of 
transcendence of L(1,x) for all non-trivial x seems difficult and is related to 
Schanuel’s conjecture. Indeed, a “weaker” version of Schanuel suffices for our 
purposes. This is the conjecture that logarithms of algebraic numbers which 
are linearly independent over Q are algebraically independent. Assuming the 
“weaker” Schanuel’s conjecture which was discussed in an earlier chapter, one 
can show the transcendence of L(1, x) for all non-trivial x. 

We now come to the proof of Theorem 26.4. In view of (26.5) and Baker’s 
theorem, the only part of Theorem 26.4 that remains to be proved is the non- 
vanishing of L(1, f) subject to the hypothesis of the given theorem. To this end, 
we will require three lemmas. 


Lemma 26.8 Let K be an imaginary quadratic field and f : He — Q. Then, 
L(1,f) = 0 implies that L(1,f%) = 0 for any Galois automorphism o of 
Gal(Q/Q). 


164 Transcendence of Values of Class Group [-Functions 


Proof. Equation (26.5) expresses L(1, f)/m as a linear form of logarithms of 
algebraic numbers. Now choose a maximal set of Q-linearly independent num- 
bers from {log |g(€~')/g(€o)| : € € Hx}. Denote this set by logai,...,log az. 
Thus, 


t 
log |g(€~*)/9(€o)| =e (€, j) log aj, 


where the x(€, j)’s are rational numbers. Hence 


L, f)= => S- f (€)x(€, 7) log a;. 


j=1 CEH K 


If L(1, f) = 0, then Baker’s theorem gives that 


YS Ore Hb, - ga ch: 


CCHK 


Since the x(€,7)’s are rational numbers, we deduce that for every Galois auto- 
morphism o, 
Paes) =o. gH 12,48 
CCHK 


Consequently, L(1, f7) = 0. 


The next lemma allows us to reduce the proof of Theorem 26.4 to the case 
when f is rational-valued. 


Lemma 26.9 Let M be the algebraic number field generated by the values of f. 
Let r = |M : Q| and choose a basis 8,...,8, of M over Q and write 


=> RAO) 
i=1 
with fi(€) rational. Then, L(1, f) =0 implies L(1, fi) =0 fori =1,2,...,r. 


Proof. Let M = M®,...,M@ be the conjugate fields of M. The map 
az — 2) from M to MY) extends to a Galois automorphism o; of Gal(Q/Q). 
Thus, 


F2(C)= SAM FO). 


i=1 


Clearly, the matrix (8) is invertible since 6,,...,(, is a basis, and we can 
express f;(€) as a Q-linear combination of the f7/(€). By Lemma 26.8, we 
have that L(1, f) = 0 implies L(1, f77) = 0 for every j. Thus, L(1, f;) = 0 for 
1<i<r, as desired. 
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Lemma 26.10 Jf f is rational-valued and L(1, f) = 0, then f(€) + f(€-') =0 
for every ideal class €. 


Proof. If L(1, f) = 0, then 


SS” f(€) log |g(€~")/g(€o)| = 0. 


CEHK 


Clearing denominators, we may suppose that f is integer-valued. Exponentiat- 
ing the above expression gives 


f(€) 


CEH K 


To remove the absolute values, we square the expression and pair up € with 
¢~! and re-arrange it to deduce that 


g(€) 
II Fo 


Each of the factors in the product is an algebraic number and applying Propo- 
sition 26.3, we see that 


=1. 


f(C)+F(€77) 


-1) f(Q)+F(E*) 
rr 
) 


g(p—'€ 
II | g(p- to 


¢ 


? 


for any prime ideal p of Ox. Taking absolute values and then logarithms, we 
conclude that 


DEF + FE) log |g(p-*€-") /g(p~*€o)| = 0, 


¢€ 


for every prime ideal p. By the Chebotarev density theorem, the p~‘’s range 
over all elements of Hx as p ranges over all prime ideals of Ox. 
We view these equations as a matrix equation 


DF=0 


where F is the transpose of the row vector (f(€) + f(€~+))ccH, and D is the 
“Dedekind-Frobenius” matrix whose (i, 7)-th entry is given by 


log g(€;*€;)/9(€;*) 


with €;,€; running over the elements of the ideal class group. The first column 
of D is the zero vector and we can re-write our matrix equation as 


Dolo = 0 
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where Fo is the transpose of the row vector (f(€) + f(€~'))e¢i and Dp is the 
matrix obtained from D by deleting the row and column corresponding to the 
identity element. By the theory of the Dedekind determinants discussed earlier 
(see also p. 71 of [130]), the determinant of Do is 


Il (Sw eeale™)) £0, 


x#1 \ a 


since by formula (26.4), each factor is up to a non-zero scalar, L(1,\), which is 
non-zero. Thus, f(€) + f(€~') = 0 for all € 4 €o. Since 


> f©+ fe) =9, 
¢ 


we deduce that f(€9) + f(€p +) = 2f(€o) = 0 as well. This completes the proof. 


The proof of Theorem 26.4 can now be given as follows. First, if f is rational- 
valued, we are done by the previous lemma. Lemma 26.9 allows us to reduce to 
the rational-valued case. This completes the proof. 

When y is a genus character, one can relate L(1,x) to classical Dirichlet 
L-functions attached to quadratic characters [113]. Let us first recall the rel- 
evant notions. As before, let kK be an imaginary quadratic field with discrim- 
inant D < 0. Real-valued characters of the ideal class group of K are called 
genus characters. These characters can be extended to functions on the ideal 
classes of Ox in the obvious way. Such extended characters take on only the 
values 0, +1. By a classical theorem of Kronecker, they have a simple des- 
cription. For each factorisation D = D,D 2 with D,, D2 being fundamental 
discriminants, we define a character yp,,p, by setting it to be 


xpi(N(p)) if (p,Di) =1 
xXD2(N(p)) if (p,D2) =1. 
One can show that this is well defined and that it defines a character on the 


ideal class group. We refer the reader to p. 60 of [113] for the background on 
genus characters. We have the Kronecker factorisation formula: 


XD1,D2(P) = (26.6) 


L(s, CDi Dy) _ L(s, xp, )L(s, XD): 
Corresponding to the factorisation D = 1- D, we get 


L(s,x1,D) = 6(s)L(s, Xp). 
The left-hand side is ¢x(s) and so we can write 
Sy C(s,€) = C(s)L(s, xp). 
CCH K 


This identity could have been derived in other ways. Applying the Kronecker 
limit formula (26.3), and comparing the constant term in the Laurent expansion 
of both sides, we obtain as in [113]: 
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Proposition 26.11 
1 
VEL. xp) + E!(lsxn) = Fem, (2 = 10g del = Z 108 |a(€)1) 
uw Tiel oe. : 


Using Dirichlet’s class number formula, we deduce: 


Corollary 26.12 


1 
— log |dx|— = log |g(€) 
L( ,XD) 6h py 


where h denotes the order of Hx. 
In particular, we deduce the following interesting result. 
Theorem 26.13 For any ideal class €, 


L’'(1, xp) 
L(1, xp) 


is a Q-linear combination of logarithms of algebraic numbers. 


1 
fia log |g(€)| 


We will make fundamental use of the following result of Nesterenko [86] 
which we recall again. 


Proposition 26.14 For any imaginary quadratic field with discriminant —D 


tVD 


and character xp, the numbers 1, e and 


D 
[[ raspy, 
a=1 


are algebraically independent over Q. 
Now we have all the ingredients ready to prove the following. 
Theorem 26.15 Let K be an imaginary quadratic field with character yp. 
Then, 
a Gres 7 7) 
and m are algebraically independent. Here y is Euler’s constant. 


Proof. We shall first analyse the asymptotic behaviour of the formula in Corol- 
lary 26.12 using the theory of Hurwitz zeta functions. Recall that the Hurwitz 
zeta function ¢(s,x) is defined by the series 
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This series converges for #(s) > 1 and Hurwitz showed how one can extend it 
to the entire complex plane apart from s = 1 where it has a simple pole with 
residue 1. Given a Dirichlet character y mod q, we can write 


qd 


1(5,.x) = > = 4-° x(a)C(s, 0/0). 


Thus, 
L'(s,x) = —(logg)q* ¥> x(a)e(s,a/q) +a ° Y> x(a)C'(s, 4/9). 


Using the well-known formulas 


(0,2) = 5-2, (0,2) = log(F(@)/2n), 


where the differentiation is with respect to the s-variable, we deduce that 


q 


L,x) = }) x(a)(1/2 — a/q), 


a=1 


and 
q 


L'(0, x) = —(log g)L(0, x) + 55 x(a) log P(a/q), (26.7) 
a=1 
since pee x(a) = 0. If x is odd and primitive, L(s,\) satisfies a functional 
equation of the form 


A*T((s + 1)/2)L(s, x) = wA* *T((2 — s)/2)L(1 — s,X), 


where @ (called the root number) is a complex number (see p. 71 of [37]) and 
A= ./q/n. We also recall that for quadratic characters y, the root number 7 
is 1. We logarithmically differentiate this expression to obtain: 


/ / 


log A+ 5¥((s + 1)/2) + -(s,x) = —log A — 5 (2 - 5)/2) - 1-98), 


where w(s) denotes the digamma function, which is the logarithmic derivative 
of the gamma function. Putting s = 1 into the formula, and using (see, for 
example, p. 301 of [99]) 


v(1)=—y, (1/2) =—7— 2log2 


we deduce Ly a 
= (Lx) = —2log A + 7 + log2 — = (0, x). (26.8) 


Now we specialise our discussion to quadratic characters associated with an 
imaginary quadratic field kK. Such a character is necessarily odd and if K has 
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discriminant —D, then this character, which we denote by yp is a primitive 
character modulo D. In this situation, we have from the functional equation 


L(0,xp) = 2hp/wp, (26.9) 


where hp and wp denote the class number and number of roots of unity of Kk. 
Thus, injecting formula (26.7) into (26.8), we get on exponentiating, 


. (Fe ) (2D /A?) il r( /D)~X2(awo/2ho 
xp | ——— -y} = a . 
L(1, xp) ae 
By Proposition 26.14 and the fact that A = ,/D/a, Theorem 26.15 is now 
immediate. 


Thus we have from the above theorem that 


is transcendental. In particular, 


L'(1, xp) 


Exo) 7 


for any D. More generally, we have: 
Corollary 26.16 
L'(1, xp) 


is not equal to logarithm of an algebraic number. 


From the theorem, we can also deduce the following curious corollary. 


Corollary 26.17 If for some D, we have L'(1,yp) = 0, then e7 is transcen- 
dental. 


It is unlikely that such a D exists for a variety of reasons. But this seems 
difficult to prove. We shall have the occasion to come back to this theme at the 
end of this chapter. 

Theorem 26.15 allows one to connect this non-vanishing question to spe- 
cial values of the T-function via the Chowla—Selberg formula. Indeed, the 
proof of Theorem 26.15 leads to a simple proof of the Chowla—Selberg formula 
which we spell out now. We can combine the calculations done previously with 
Corollary 26.12 to deduce the Chowla-Selberg formula: 


1 2hp D 
I s@=(s5) [repre 


CEH K 
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Let us analyse the left-hand side of this equation following [55]. Let E 
be an elliptic curve with complex multiplication by an order in the imaginary 
quadratic field K = Q(.—D). Formula (3) of [55] states that any period of E, 
up to an algebraic factor, is given by the right-hand side of the above equation. 
In other words, 


D 
) = [[ raspy 
a=1 
is equal to a product of a power of m and a power of the period of the CM elliptic 
curve attached to the full ring of integers of Q(/—D) (up to an algebraic factor). 
More generally, we can define for any character y (mod D), 


Let g|D and y be a real primitive character (mod q). Let y* denote the character 
obtained by extending x to residue classes (mod D). Then, it is not hard to see 
that f(x*) is (up to a non-zero algebraic factor) equal to f(x). Indeed, recall 
that 


T(z)P(z+1/q)--Tet+ (@-1)/g =F? 8 20) OY PT (qe). 


Thus, f(x*) = 


D qd 


[reap = [ras Dyr((a +4)/D)-- a+ Dla Va (DIX 


a=1 


qd 

=|[v (a/q)(2n)P/4-Y/?( D)/q)1/2-4/ Fx 
a=1 

= f(x )(D/q)=« a=i(1/2—a/q)x(@) 


Since y is a real character, the exponent of D/q is rational and so the second 
factor is algebraic and non-zero. Consequently, f(y) and f(x*) are equal apart 
from a non-zero algebraic factor. Let us record this remark here since it will be 
used later. 

One can consider a more general situation where one considers functions f 
defined on ray class groups and similar formulas and results can be derived (see 
[98], for instance). 

These investigations naturally lead to the study of possible transcendence of 
special values of the [-function. As we have seen before, not much is known in 
this context. While (1/2) = \/z is transcendental by the theorem of Linde- 
mann, the transcendence of I'(1/3) and ['(1/4) was established by Chudnovsky 
[32] in 1976. Recently, Grinspan [53] and Vasilev [124] independently showed 
that at least two of the three numbers 7, I'(1/5), (2/5) are algebraically inde- 
pendent. Very likely, all of the three numbers are algebraically independent. 
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Apart from these results, no further results are known regarding the transcen- 
dence of the [-function at rational, non-integral arguments. Thus, in this con- 
text, the following theorem is of interest. 


Theorem 26.18 Let q > 1 and q|24. Let a be coprime to q. There exists a 
finite set S and a collection of pair-wise non-isogenous CM elliptic curves E;, 
j €S defined over Q with fundamental real periods w; such that T(a/q) lies in 
the field generated over Q by m and the w;. In particular, if 7 and the w;’s are 
algebraically independent, then T'(a/q) is transcendental. 


Proof. For each odd quadratic character yp, we have an associated imaginary 
quadratic extension kp. Thus, f(y) is defined for any odd quadratic charac- 
ter. We can associate a CM elliptic curve Ep, with ring of endomorphisms 
isomorphic to the ring of integers of kp. Let wp be the real period of Ep. The 
Chowla-Selberg formula expresses 


Sw )logT(a/D) 


as a Q-linear form in logz, logwp and the logarithm of a non-zero algebraic 
number. For any divisor q of 24, every non-trivial Dirichlet character mod q is 
quadratic. Noting that 


x even 


if a = +1(mod gq) and zero otherwise, we deduce that 


v(q)/2 if a = 1(modq) 
Y= x(@) = 4 -9(@/2_ if. a= —1( mod q) 


x odd 0 otherwise. 


By considering the combination 
II f(x yx) 
x odd 


where the product is over odd characters (mod gq), we find 


qd 
II f(xy — II T(a/q)2xe x(ab) 
a=1 


x odd 


Since for any divisor g of 24, b? = 1(modq) for any b coprime to q, we have 
ab = 1(modq) implies a = b(modq). Thus, 


v(q)/2 if a = b( mod q) 
Y_ x(ab) = 4 -y(q)/2 if a = —b( mod g) 


x odd 0 otherwise. 
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and we deduce that 
T(a/q)P(1 — a/q)* 


is the product of an algebraic number, a power of 7 and a product of powers of 
periods of non-isogenous elliptic curves. On the other hand, 


P(a/q)P (1 — a/q) 


is a product of 7 and an algebraic number. Thus, we deduce that I'(a/q) is (up 
to an algebraic factor) a product of a power of 7 and periods of non-isogenous 
elliptic curves. This completes the proof. 


To summarise, the key point here is that the non-trivial Dirichlet characters 
(mod 24) are all quadratic which allows the use the Chowla-Selberg formula 
as stated before to express ['(a/q) as a product of a and periods of various 
non-isogenous elliptic curves. 

Before moving on in our discussion, we observe this amusing corollary of the 
above theorem: 


Corollary 26.19 All of the numbers 
P(1/8), P(3/8), P(5/8), P(7/8) 
are transcendental with at most one exception. 


Proof. To prove this, we suppose that at least two of the numbers, I'(a/8), 
T(b/8) (say), among 


P(1/8), P(3/8),P(5/8), P(7/8) 


are algebraic. By the proof of the previous theorem, we can write each term as a 
product of powers of 7 and periods w, and we of two non-isogenous CM elliptic 
curves. By taking appropriate powers of ['(a/8),I(b/8), we deduce that their 
quotient, which is algebraic, is a product of powers of 7 and w,. By the result 
of Chudnovsky [32], we know that 7 and w, are algebraically independent. This 
completes the proof. 


Recall that Schanuel’s conjecture predicts that if 71,...,x2, are linearly 

independent over Q, then the transcendence degree of the field 
Qi, ies MAO ys aye") 

is at least n. At the end of Chap. 21, an elliptic-exponential extension of this 
conjecture has been spelt out. The previous theorem motivates the following 
variant of Schanuel’s conjecture. 

Suppose that 21,...,2n are linearly independent over Q. Let 2,...,n 
be the Weierstrass g-functions attached to non-isogenous CM elliptic curves 
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Eo,...,En defined over Q. If x2,...,%n are not contained in the poles of the 
i, 2<i<n, then, the transcendence degree of the field 


Q(x, ee ee ae 92(x2), iB n(n) 


is at least n. 

Thus, choosing v1 = mi and x; = w;/2 with the w; as in Theorem 26.18, the 
conjecture allows us to deduce that 7 and the w,’s are algebraically independent. 

The above conjecture is also a special case of a more general conjecture of 
Grothendieck (see [39]). This conjecture asserts that the transcendence degree 
of the field generated by the periods of an algebraic variety is equal to d where 
d is the dimension of the Hodge group of the variety. In our case, we consider 
the variety 


X =P! x Ey x-:+x En 


where E; are pairwise non-isogenous elliptic curves with complex multiplication. 
The Hodge group of H?(P') @---@ H'(E,) is isomorphic to 


Gm Xx [[@x/eGm)' 
i=2 
where K; is the imaginary quadratic field corresponding to FE; and the super- 
script denotes elements of norm 1. The dimension of this group is n. 

It is clear from the preceding discussions that the non-vanishing of certain 
Dirichlet series is connected with linear independence of special values of 
L-series. Such a theme was explored in a classical context in [61]. 

Also it highlights the pivotal role played by L’(1, x) with x a Dirichlet char- 
acter, more precisely the vanishing of L’(1,y) for any Dirichlet character x 
(mod q). In this context, we shall derive an analytic result about the number 
of x xo (mod q) for which L’(1,v) = 0 

For this we shall use the following result of Y. Ihara, K. Murty and M. 
Shimura which is Theorem 5 of [68]. 


Proposition 26.20 Let Ao(1) =1 and Ao(n) =0 forn > 1. Define fork > 1, 
Ax(n)= SY) A(m)---A(ne), 
Nie Np=Nn 
where A denotes the von Mangoldt function. Set 
. Aa (n)Ag(n 
pot) = Sala). 
n=1 


Then, for q prime and any € > 0 


L' 
Tap = D) PO? (4.0) = (-1)*#? ul) o(g) + O(4°), 
XFXO 


where P(%)(z) = 2¢2°. 
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It is easy to see that the series for p*») converges. Indeed, A(n) < logn so 
that Ay(n) < dx(n)(logn)*, where d,(n) denotes the number of factorisations 
of n as a product of k natural numbers. Consequently, A,(n) = O(n) for 
any € > 0. 

We now have the following theorem: 


Theorem 26.21 For q prime, the number of x # xo (mod q) for which 
L'(1,x) =0 is O(q*) for any e> 0. 


Proof. We apply the previous proposition with a = b =k and a=b= 2k. An 
application of the Cauchy—Schwarz inequality to the sum 


yee (F0.x) 


xX#XO 


shows that for any k > 1, 


rane 


#ix # xo: L'(1,x) #0} > 


Tin 2k 


Let us note that 


and that 
Ax(ni)"Ag(n2) (Ag * Ag)(n) 
(k,k) k\ed kl? k 
(ueane = > Ae — yee, 
n1,N2 n=1 
where 


(f *g)(n) = S° f(d)g(n/d), 


d|n 
is the Dirichlet convolution. Now, if d(n) denotes the number of divisors of n, 
2 


Nox(n)* = (Ag * Ag)? (n) = | S0A.(@) )Ag(n/d) 


d|n 


(n) So AR(A)AR(n/d) = d(n) (AZ * AZ) (n), 


d|n 


by an application of the Cauchy—Schwarz inequality. As d(n) = O(n‘) for any 
€ > 0, we obtain 


n=1 n=1 


Putting 
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we conclude 
Ties Gx(2)9(a) + O(v(a)9") 
Tor2r  Gr(2 — €1)y(q) + O(a?) 


for any €1,€2 > 0. Choosing k = 2 and noting that 


Go(2 = €1) = Go(2) + O(€1), 


we conclude that 
Thx 


Tok, 2k 


> v(g) + O(¢*). 


The result immediately follows from choosing €, = 1/gq. 


It is unlikely that one can show the non-vanishing of L’(1, x) in general using 
such analytic methods. 

The question of non-vanishing of L’(1,x) arises in other contexts like the 
following. Let K be an algebraic number field and ¢x(s) its Dedekind zeta 
function. It is well known that ¢x(s) has a simple pole at s = 1 with residue Ax. 
Here, 

271 (27)"2 hkeRrK 


w/ldk| 


where r; is the number of real embeddings of K and 2r2 is the number of non- 
real embeddings of K, hx, Rx, w and dx are the class number, regulator, the 
number of units of finite order and discriminant, respectively, of A. Let us set 


gx (8) = Cx(s) — AK C(s). 


Then, gx(s) is analytic at s = 1. In [111], Scourfield asked if for any field 
K # Q we have gx (1) = 0. This question is really about non-vanishing of linear 
combinations of derivatives of L-functions. 

To see this, we write 


AK 


Ci (s) = C(s) Fic (s), 
where F'x(s) is a product of certain Artin L-series. Using Brauer’s induction 


theorem and the non-vanishing of Hecke L-series at s = 1, it is easily seen that 
F'«(s) is analytic at s = 1. Consequently, Fx (1) = Ax% and since 


Cx (8) — AKC(s) = ¢(s)(Fx(s) — AK), 


we see that gx (1) = Fi,-(1). If K denotes the normal closure of K over Q, and 
G = Gal(K/Q), one can express Fi¢(s) as a product of Artin L-series attached 
to irreducible characters of G. Indeed, if H = Gal(K/K), ¢x(s) is the Artin 
L-series attached to the character Ind 1. If y is an irreducible character of G, 
we have by Frobenius reciprocity, 


cy = (Indy 1, x) = (1, xlz) 
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which is the multiplicity of the trivial character in yx restricted to H. Thus, cy, 
is a non-negative integer and we have 


Fx(s) = [| 26.0. 
XA 
where the product is over the non-trivial irreducible characters of G. Hence, 
Fi-(1) L' 
= Cy — (1, x). 
Fr( a a aa 
« (1) x#l 


In the special case K/Q is Galois, c, = x(1). Thus, in the Galois case, the 
question of non-vanishing of gx (1) is equivalent to the non-vanishing of 


If K = Q(¢,) is the g-th cyclotomic field, with ¢, being a primitive q-th root 
of unity, then Ihara et al. [68] have investigated the asymptotic behaviour of 
this sum. They proved that 


: » F(x) = 0. 


lim — 
q-oo,q prime o(q) pee 


So the question of non-vanishing of gx (1) is a bit delicate and cannot be deduced 
from this limit theorem. 

The non-vanishing of L’(1, y) seems to be intimately linked with arithmetic 
questions. For example, if K/Q is quadratic, then Fx (s) = L(s,xp) where yp 
is the quadratic character attached to K. In this case, Scourfield’s question 
reduces to the question of whether L’(1,yp) = 0 for any such yp. As we 
mentioned before, it is unlikely that such a yp exists. 


Exercises 


1. Using (26.2), show that the series (26.1) admits a meromorphic continu- 


ation to R(s) > qH with at most a simple pole at s = 1. Moreover, the 


simple pole exists if and only if p>, 4 0. 
. Show that the character yp,,p, given by (26.6) is well defined. 
. Prove that ¢’(0, x) = log(I'(x)/27). 


. Prove the class number formula (26.9). 


ao FF WwW WH 


. Show that the function 
g(b) = (27)? (N(b))°A(A1, 62) 


considered in the chapter is well defined and does not depend on the choice 
of integral basis of b. Furthermore, show that g(b) depends only on the 
ideal class 6 belongs to in the ideal class group. 


Transcendence of Values of Class Group L-Functions 177 


6. Show that L(1,y) = L(1,xX) for any non-trivial ideal class character y of 
an imaginary quadratic field. 


7. For any integer a, find the value of 
S> x(a) 
x even 
where x runs over even Dirichlet characters mod q. Derive also an expres- 


sion for 
S> x(a) 


x odd 


where y runs over odd Dirichlet characters mod q. 


Chapter 27 


Transcendence of Values 
of Modular Forms 


In this chapter, we will apply the results of Schneider and Nesterenko to 
investigate the values of modular forms at algebraic arguments. Any reasonable 
account of the fascinating subject of modular forms will require us to embark 
upon a different journey which we cannot undertake in the present book. We 
refer to the books [42, 70, 75] for comprehensive accounts of this subject. 
However for the purposes of this chapter, we shall be needing very little input 
from the theory of modular forms. 

As we have been observing throughout, the naturally occurring transcenden- 
tal functions like the exponential function and the logarithm function take tran- 
scendental values when evaluated at algebraic points, except for some obvious 
exceptions. This is also exhibited by the Weierstrass-g function associated with 
an elliptic curve defined over number fields. We also expect other transcendental 
functions like the gamma function and Riemann zeta function to exhibit similar 
properties. 

We will now investigate this phenomena for modular forms which are a rich 
source of transcendental functions. We begin by fixing some notations and 
recalling the various results in transcendence relevant for our study. 

Let H denote the upper half-plane. For z € H, we have the following func- 
tions 


Fo(z)=1- 245° oi(n)er™"”*, 


n=1 
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Ey(z) =1+4+240S > a3(n)e?""”, 


n=1 
E¢(z) =1-504$ > o5(n)e?"™*, 
n=1 
where ox() = lain d*. We also have the j-function given by 


E4(z)3 


H)= TPS FG — Belay 


We call an element a in the upper half-plane to be a CM point if it generates 
a quadratic extension over the field of rational numbers. It is known, from 
classical theory of complex multiplication, that if z € H is a CM point, then 
4(z) is an algebraic number lying in the Hilbert class field of Q(z). For instance, 
we have j(i) = 1728 while j(p) = 0 where p = e?7*/3, 

For algebraic points in the upper half-plane, we have already seen the 
following result of Schneider: 


Theorem 27.1 (Schneider) If z € H is algebraic, then j(z) ts algebraic if and 
only if z is CM. 


Much later, Chudnovsky ([32], see also [33]) in 1976 showed that if z € H, then 
at least two of the numbers £2(z), E4(z), Eg(z) are algebraically independent. 
Chudnovsky’s theorem proves that ['(1/3) and I'(1/4) are transcendental. In 
1995, Barré-Sirieix et al. [15] made a breakthrough in transcendence theory by 
proving the long-standing conjecture of Mahler and Manin according to which 
the modular invariant J(e?"’*) := j(z) assumes transcendental values at any 
non-zero complex (or p-adic) algebraic number e?7’* in the unit disc. Note 
that such a z is necessarily transcendental. Finally, Nesterenko [84] provided 
a fundamental advance by generalising both the results of Chudnovsky and 
Barré-Sirieix—Diaz—Gramain-—Philibert. 


Theorem 27.2 (Nesterenko) Let z be a point in the upper half-plane. Then at 
least three of the four numbers 


e2™2 = Bo(z), Ea(z), Ego(z) 
are algebraically independent. 


We note that the result of Schneider does not follow from the theorem of 
Nesterenko. As pointed out by Nesterenko [86, p. 31], both his and Schneider’s 
theorem will follow from the following conjecture: 


Conjecture 27.3 Let z be a point in the upper half-plane and assume that at 
most three of the following five numbers 


a, oo E2(z), Ea(z), Eo(z) 
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are algebraically independent. Then z is necessarily a CM point and the field 
Q(e?"*, E2(z), Ea(z), Eo(z)) 
has transcendence degree 3. 


Let us now begin by considering the nature of zeros of modular forms. 
Investigations of such zeros have been carried out by Rankin and Swinnerton- 
Dyer [104], Kanou [69], Kohnen [73] and Gun [57] (see also [13, 45, 49]). Let us 
again recall that a CM point is an element of H lying in an imaginary quadratic 
field. Also every modular form is assumed to be non-zero and for the full 
modular group. However, the arguments carry over to higher levels. 

Recall that any such modular form f has a g-expansion at infinity of the 
form f(z) = Sy az(n)e?"""* for z € H. The af(n)’s are called the Fourier 
coefficients of f. We shall only consider modular forms whose Fourier coefficients 
are all algebraic. 

To study the algebraic nature of values taken by modular forms, we need 
to define an equivalence relation on the set of all modular forms with algebraic 
Fourier coefficients. We define two such modular forms f and g to be equivalent, 
denoted by f ~ g, if there exist positive natural numbers k1,kg such that 
fk? = Ag* with \ € Q@. Furthermore, for the purpose of this chapter, we 
shall denote A to be the Ramanujan cusp form (or the normalised discriminant 
function), i.e. 


One has the following theorem. 


Theorem 27.4 Let f be a non-zero modular form of weight k for the full modu- 
lar group SL2(Z). Suppose that the Fourier coefficients of f are algebraic. Then 
any zero of f is either CM or transcendental. 


Proof. Let f be a non-zero modular form of weight & for SL2(Z) with algebraic 
Fourier coefficients. Let g be the function defined as 


ae) = 


where A is the Ramanujan cusp form of weight 12. Thus g is a modular function 
of weight 0 and hence is a rational function in 7. Since A does not vanish on 
HH, g is a polynomial in 7. Further, since f has algebraic Fourier coefficients, 
g(z) = P(j(z)) where P(x) is a polynomial with algebraic coefficients. If a is a 
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zero of f, then P(j(a@)) = 0 and hence j(a@) is algebraic. Thus by Schneider’s 
theorem, a@ is either CM or transcendental. This completes the proof. 


As before, let A be the unique normalised cusp form of weight 12 for the full 
modular group. Then the above theorem easily extends to the following and 
hence we skip the proof. 


Theorem 27.5 Let f be as in the above theorem, not equivalent to A and 
a € HH be an algebraic number such that f!?(a)/A*(a) is algebraic. Then a is 
necessarily a CM point. 


We note that the above theorem does not say anything about the transcen- 
dental zeros of f. However, when f is the Eisenstein series E;,, we have some 
more information about the location of their zeros. For instance, all the zeros 
of Ex up to SL2(Z) equivalence were shown to lie in the arc 


{e | 7/2< 0 < 27/3} 


by Rankin and Swinnerton-Dyer [104]. 

It is worthwhile to point out that for cusp forms, the situation is rather 
different. Here we have a result due to Rudnick [108] which is as follows: let 
{f;,} be a sequence of L?-normalised holomorphic cusp forms for SL2(Z) such 
that f, is of weight k, the order of vanishing of f;, at the cusp is o(k) and 
the masses y*| f,(z)|?dV(z) (where dV(z) stands for the normalised hyperbolic 
measure on the fundamental domain) tend in the weak star topology to cdV(z) 
for some constant c > 0. Then the zeros of f, (in the fundamental domain) 
are equidistributed with respect to dV(z). If the sequence f, consists of nor- 
malised Hecke eigenforms ordered by increasing weight, then recent works of 
Soundararajan [119] and Holowinsky [65] (see also [66]) show that Rudnick’s 
hypothesis is satisfied and consequently, zeros of normalised Hecke eigenforms 
become uniformly distributed in the standard fundamental domain as the weight 
tends to infinity. 

If f is equivalent to A and a is CM, then f(a) is transcendental by the 
theorem of Schneider. On the other hand, if a € H is non-CM algebraic, the 
conjecture of Nesterenko mentioned before will imply the transcendence of f(a). 
Thus, it is clear that while investigating the nature of values of modular forms 
at algebraic numbers in H, we need to consider the values at CM points and 
non-CM points separately. 


Theorem 27.6 Let a € H be such that j(a) € Q. Then e?™ and A(a) are 
algebraically independent. 


Proof. Since j(a) is algebraic, A(a) is transcendental. For, algebraicity of 
A(qa) will imply that j(a)A(a) = E4(a)? is algebraic and hence both E4(a) 
and E¢(a@) are algebraic. This will contradict Chudnovsky’s theorem. Now 
suppose that e?"’* = q and A(a) are algebraically dependent. Since A(a) 
is transcendental, there exists a non-zero polynomial P(X) = 5°, p;X' where 
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p;’s are polynomials in A(a@) with algebraic coefficients such that P(q) = 0. 
Thus q is algebraic over the field Q(E1(a), E¢(a)). Since j(a) is algebraic, 
transcendence degree of Q(E4(a), Eg(a)) is one which is also the transcendence 
degree of Q(F4(a), g(a), q). This will contradict Nesterenko’s theorem. 


As a consequence of the above theorem, we now have the following: 


Theorem 27.7 Let a € H be such that j(a) € Q. Then for a non-zero modular 
form f for SL2(Z) with algebraic Fourier coefficients, f(a) is algebraically ind- 
ependent with e2™~ except when f(a) = 0. 


Proof. Suppose that f(a) is not equal to zero. Since the non-zero number 
f'?(a)/A*(a) is a polynomial in j(a) with algebraic coefficients, it is algebraic. 
Thus the fields Q(q, f(a)) and Q(q, A(a)) have the same transcendence degree 
and hence the theorem follows from the previous theorem. 


We note that there exist transcendental numbers a for which j(a) is 
algebraic. This is a consequence of CM theory and surjectivity of the j 
function. As mentioned before, an algebraic a for which j(q@) is algebraic is a 
CM point. In this case, A(a@) can be explicitly expressed as a power of period 
of an elliptic curve defined over Q. 

For a non-CM algebraic number, one has the following theorem: 


Theorem 27.8 For a € H, let Sq be the set of all non-zero modular forms f 
of arbitrary weight for SLa(Z) with algebraic Fourier coefficients such that f(a) 
is algebraic. If a € H ts a non-CM algebraic number, then Sq has at most one 
element up to equivalence. 


Proof. Let f and g be modular forms in Sq. of weight k, and ke, respec- 
tively, where a is a non-CM algebraic number in H. Thus both f(a) and g(a) 
are algebraic and by Theorem 27.4, neither is equal to zero. We consider the 
modular form F = f*?(a)g*! — g(a) f*? of weight kiko. By Theorem 27.4, any 
zero of this modular form is either CM or transcendental. Since a is non-CM 
and algebraic, we get a contradiction unless F' is identically zero. This means 
that f and g are equivalent in the sense defined before. 


The existence of the fugitive exceptional class in the above theorem can be 
ruled out if we assume the conjecture of Nesterenko alluded to before. Further, 
all these theorems extend to higher levels and also to quasi-modular forms. We 
refer to [59] for further details. 


Exercises 


1. Show that E¢(/—1) = 0. Deduce that e”, F2(,/—1) and E4(/—1) are 
algebraically independent. 
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. Recalling that 


az+b 2 6c(cz + d) 
= EB oo 
E2 (==) (cz + d)* Eo(z) + ae 


show that E2(/—1) = 3/7. Deduce from the previous exercise that 7 and 
e” are algebraically independent. 


. Show that 


ere i dt — (1/4)? 
dy VERE Oe 
Using the theory of complex multiplication, compute the value of E4(./—1) 


in terms of powers of ['(1/4) and 7. Conclude that 7, e7 and I'(1/4) are 
algebraically independent. 


. Let f be a non-zero modular form with algebraic Fourier coefficients and 


a be an algebraic number in H which is not CM. Assuming Nesterenko’s 
conjecture, show that f(a) is transcendental. 


. Prove that the functions E4 and Eg are algebraically independent. 


. Using the Schneider—Lang theorem, prove that A(r) is transcendental 


for any CM point rt. Here A is the normalised discriminant function 
considered in this chapter. 


Chapter 28 


Periods, Multiple Zeta 
Functions and ¢(3) 


In this chapter, we will examine some of the emerging themes in the theory 
of transcendental numbers. The most fascinating is the “modular connection” 
linking it with the theory of modular forms. We have met a part of this con- 
nection in the earlier chapters. In this chapter, we will indicate some other 
relations. 

The connection between the theory of modular forms and transcendental 
number theory goes back at least a century with the advent of the theory of 
complex multiplication. More recently there are several major contributions, 
notably by Nesterenko, relating these two themes of number theory. In addition 
to this, there is the mysterious proof of Roger Apéry [3] showing the irrationality 
of ¢(3) which has been somewhat “explained” by Beukers [20] using the theory 
of modular forms. However, it is not easy to find an exposition of this theme 
at the graduate student level or even the senior undergraduate level. It is the 
purpose of this chapter to highlight this theme and to bring out the salient 
features of the subject for further study. This chapter is self-contained and can 
be read independent of the other chapters. 


The Algebra of Periods 


To keep this chapter self-contained, let us recall that a complex number a is 
said to be algebraic if it satisfies a non-zero polynomial equation with rational 
coefficients. Otherwise, we say the number is transcendental. It was not until 
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1851, when Liouville using a clever approximation argument managed to give 
explicit constructions of transcendental numbers. For instance, he showed that 


=. a 


is transcendental. In 1873, Georg Cantor showed that the algebraic numbers 
are countable and the real numbers are uncountable. Thus the set of tran- 
scendental numbers is uncountable. But deciding whether a given number is 
transcendental is often a very difficult question. For instance, e was shown to 
be transcendental by Charles Hermite in 1873 and 7 was proved transcendental 
by Lindemann in 1882. In view of the 1734 result proved by Euler, this means 
that the special values of the Riemann zeta function at even natural numbers 
are transcendental since 


Oh) =2 >> = — ah (27i)?*. 
n=1 


A similar result is not known for odd values of the Riemann zeta function. In 
1978, Apéry surprised the mathematical community by presenting a mysterious 
proof that ¢(3) is irrational. After more than 25 years, we can explain some 
aspects of his proof using the theory of modular forms, but cannot say we 
understand the proof completely or why it worked. The purpose of this chapter 
is to explore this theme in some detail and also present it from the context of 
the theory of periods. 

A period, as defined by Kontsevich and Zagier [74], is a complex number 
whose real and imaginary parts are values of absolutely convergent integrals 
of rational functions with rational coefficients over domains in R” given by 
polynomial inequalities with rational coefficients. The set of periods is denoted 
by P. 

In the above definition, we can replace rational functions and rational coef- 
ficients by algebraic functions and algebraic coefficients, respectively, without 
changing the original set of periods P. This is because we can introduce more 
variables into the integration process. 


J2isa period since 
Ja= | des 
2n2<1 


All algebraic numbers are periods. The simplest transcendental number which 


is a period is 7 since 
T =} daxdy. 
v2+y?<1 


1A more precise definition can be given as follows. Let X be a smooth quasi-projective 
variety, Y C X a subvariety, w a closed algebraic n-form on X vanishing on Y, and all defined 
over Q. Let C be a singular n-chain on X(C) with boundary contained in Y(C). Then the 
integral So w is called a period. 
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The set of periods P contains the algebraic numbers and many interesting tran- 
scendental numbers like 7. Note that the set of periods is countable and hence 
the set of numbers which are not periods is uncountable. However we do not 
have an explicit number which has been shown to be a non-period. For instance, 
is e a period? How about Euler’s constant y? Most likely, these numbers are 
not periods. An open question is if 1/7 is a period. 

It is clear that the set of periods forms a ring under addition and multipli- 
cation. Again, it is not known whether this ring has any units other than the 
obvious ones, namely the non-zero algebraic numbers. We recommend the orig- 
inal article of Kontsevich and Zagier [74] as well as the account by Waldschmidt 
[126] for further details (see also the paper by Ayoub [7] in this context). 

An important class of periods is supplied by the special values of the Riemann 
zeta function and more generally the multiple zeta values. 

The Riemann zeta function ¢(s) is defined for R(s) > 1 by the Dirichlet 
series 


(=> = 


ns 
n=1 


More generally, one can define the multiple zeta function, 


1 
(81, $2) +++) 8r) = S- ee 


82 
nr van oe “7 
ni >ng>-->np>1 1" a 


and study it as a function of the r complex variables s;,...,s,. Here, we will be 
concerned with the theory of special values of these functions, or more precisely, 
the multiple zeta values ¢(s1,...,8,) with s1,s2,...,8, positive integers and 
8, > 2 in order to ensure convergence. 

One can express these as periods, in the sense defined above. For example, 


we have 
dt, dtp_1 dtx 
C(k) =e 7 sabe : ree 
1l>ti>-->th>0 OL k-1 4+ ¢k 


as is easily verified by direct integration. Also, 


can= f dt; dt, dts 


Si >te>t,s0 t1 L—tg1—t3 


Similarly, we define inductively the iterated integral of continuous differential 
forms ¢1,...,@m on [a,b] as 


io = [O10 f 62--bn 


with the convention that the value is 1 when m = 0. If we define two differential 
forms 
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then one can easily show that 


1 
ign J wee tas niet ay. 
0 


By a theorem of Chen in algebraic topology, the product of such integrals is 
again a linear combination of such integrals given by the “shuffle product”. 

With respect to the transcendental nature of the multiple zeta values, Zagier 
[134] has made the following conjecture. Let V, be the Q-vector space in R 
generated by the multiple zeta values ¢(s1,...,8,) with weight s; +---+s, =k. 
Set Vo = Q, Vi = 0. Clearly, Vo = Qr?. Then, using the shuffle relations, we 
see that 

Vi Ver © Vite 


If we denote by V the Q-vector space generated by all the V;.’s, then Goncharov 
conjectures that 


v= Broo Ve- 
Zagier predicts that if d, = dim V,, then for k > 8, 
dy = dp-og + dp_3 with do = 1, dy = 0, dg =1. 


In other words, 


- 1 

ke 
do at = a 
k=0 


It is generally suspected that this conjecture would imply the algebraic inde- 
pendence of 7, ¢(3),¢(5),.... If we let cz be the coefficient of t* of the rational 
function on the right-hand side of the above conjectural formula, then it is 
now known by the work of Terasoma [121] as well as the work of Deligne and 
Goncharov [40] that 

dx << Ck- 


Note that while one expects the dimensions d, of the spaces V;, to grow 
exponentially in k, we do not have a single example of a space Vz; with dimension 
at least 2. In this context, in a recent work [61], it has been established that a 
conjecture of Milnor about Hurwitz zeta values implies that infinitely many of 
these V;,’s have dimension at least 2. 

We end this section by mentioning a recent result due to Brown [21]. In this 
work, he proves a conjecture by Hoffman which states that every multiple zeta 
value is a Q-linear combination of ¢(m1,...,n,) where n; € {2,3}. In particular, 
Brown’s result is a sweeping generalisation of the works of Terasoma, Deligne 
and Goncharov. An essential ingredient in the proof of Brown was supplied 
by Zagier [135] which involves a formula for the special multiple zeta values 
of the form ¢(2,...,2,3,2,...,2) as rational linear combinations of products 
¢(m)x?” with m odd. The works of Terasoma, Deligne, Goncharov as well 
as Brown involve rather deep algebraic geometry, more precisely the theory of 
mixed Tate motives. We can do no better than to direct the interested reader 
to the beautiful Bourbaki talks of Cartier [27] and Deligne [41]. One wonders if 
there are simpler, more direct proofs of the results of Brown. 
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Apéry’s Proof Revisited 


There are many expositions of Apéry’s proof of the irrationality of ¢(3) (see, for 
example, [123]). We begin by giving a streamlined version of Apéry’s proof and 
then analyse it from the standpoint of modular forms. 

Apéry begins by considering the recursion 


n?Un + (n= 1)? un—2 a (34n3 —51n? 4+ 27n — 5)Un—1.- 


Let A, be the sequence obtained by setting Aj = 1,A, = 5 and let B, be 
the sequence obtained by setting By = 0 and By = 6. Thus, if we let P(n) = 
34n? — 51n? + 27n — 5, then 


n An + (n = 1)? An—2 = P(n)An-1, 


n®B,+(n-—1)? By = P(n)By_1. 


Multiplying the first equation by B,_1 and the second by A,_; and subtracting, 
we deduce that 


n?(AnBn-1 = An-1Bn) = (n a 1)3(An iB a An 2Bn 1): 
Iterating, we find 
n?(AnBn—1 = An-1Bn) = A,Bo = Ao By = —6. 


Then, Apéry made some remarkable claims. First he asserted that A,’s are all 
integers. Further, he claimed that B,,’s are rational numbers such that 


2 Iem[1,2,3,...,n]°B, 


are all integers. Finally, one has the following explicit formulas: 


An=d(n) (EY, 


k=0 
B > . nt+k 
nn k k Cn k 
k=0 
where 
a 2S Ce: 
Cn k = a : : : . 
2 5 2 27° \9 j 


It turns out that explicit expressions for the A,,’s and the B,,’s are not needed 
to prove the irrationality of ¢(3). In fact, from the recursion above, we see that 
Bn Bn-1 — 6 
An An-1 n3A,An—1 : 
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From the explicit expressions for A, and B,,, we can deduce that B,/A,, tends 
to ¢(3). Indeed, 


Ba= Ano (3) 


j=l J 0j=1 


S 
wa 
= 

iw) 

aN | O 

3 

x4 

> 

~ / | 


We will show that 


ese()("}. 
J J 
This is clear for 7 = n since 
2 
ee ( :) Sn? 
n 


For 1< 7 <n-—1, we have 


so that 
Jj Jj J J 
Thus, 
| An 
—/ 4 n 
j=1 


from which the assertion that B,/A, tends to ¢(3) follows. One can be a bit 
more precise. We have by summing 


 ( Beyt zt) = 1 
— — = 6 Fa a 
» (4s Ap » (k+1)8ApApgi 
By = 1 
3 - —_— = 6 = 
(3) An a (k +1) ApAgsi 
so that 
By 1 


We need to estimate the growth of A,. Again, from the recursion this is easily 
done. If we divide the recursion by n° and take the limit as n tends to infinity, 


we observe that 
An i Ch 


where Cy, satisfies 
Ch + Ch—2 = 34Cy_1. 
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The latter recurrence is easily solved and we see that C;, is asymptotically a” 
where a = (1+ V2)4 = 17+ 12V2 is the larger root of 


X* —34X+1=0. 


Finally, we need to prove the assertion about the denominators of B,. To this 
end, we observe that 


Oe) OC eye) 


3 (n nt+j ~ . k 2 ? 
PGF) PU) 
simply by writing out the binomial coefficients. Thus, we need to investigate 


the power of a fixed prime p that can appear in the denominator, namely the 
power of p in 


But this is easily done by observing that 
k [log k/ log p] 
ord (F) = thy! = ile! - = 2/0 
t=0 
It is elementary to see that 
[x+y] — [2] -[y] <1 


with equality if and only if {x} + {y} > 1, where {x} denotes the fractional 
part of x. In particular, we see that the above summation can begin from 
t = ord,(j) + 1 which gives us 


ord, e < [log k/ log p| — ord, (J). 


Thus, 


E\2 
Orde. Gli < ord,(j) + 2[log k/ log p| < 3[log k/ log p], 
P j Pp 


from which we deduce the statement about denominators. Now suppose that 
¢(3) is rational say C/D, with C,D co prime integers. Then, for the non-zero 
integer, we have the following estimate (from the Prime Number Theorem): 


2Dicm{1,2,...,n]2|An¢(3) — Bn| « e3 +) (1 + V2)-*. 
For n large, this is a contradiction because 


e® < (1+ -/2)* = 33.970563.... 
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In the above proof, the recursion formulas for A, and B, were used in two 
places. We remark that we can eliminate the second use of the recursion where 
we derived A, ~ a”. Such an estimate was needed only to get a final upper 
bound that led to the contradiction. To this end, a simpler estimate suffices if 
we observe that for n even, we have 


(vio) ia) 


An > 92°" /n4 


One can see that 


for some constant co and this suffices to get the desired contradiction since 
e* = 20.085587...< 32 =2°. 


Another approach was taken recently by Nesterenko [85]. Following earlier 
work of Gutnik, he considers the rational function 


(z—1)?---(z-—n)? 
22(z+1)?---(2+n)?" 


R(z) = 


The function R can be expanded into partial fractions: 


and 


Bry = —((z +k) sak = —2B 5 —— S a 
kl 7h Ne c3) | pee k2 2 rae : 


ogee’ I 


It is clear from these expressions that By is integral and that D,, By, is integral 
where 


Dn = II plics 2n/ log p] 


psn 


If we choose a large enough contour C, then the Cauchy residue theorem shows 
that 


deri A(z = Ba =o. 
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since R(z) = O(|z|~7). Using this fact, we deduce that 


— r Bro Bri _ 
Ee ->>(~ was catisa) = nels) +8 


k=0v=1 


where 
n 
an = —2 S Bye 
k=0 


and 
n 


k 
= S- S- (2Byor7* + Brat ?) 


k=0r=1 


so that a, and ID are integers. On the other hand, one can write down an 
integral expression for this as 


1 2 
r=— (— ) R(z)dz. 
2nt Jp(s)-c \Sin TZ 


To see this, we truncate the integral from C+ iT to C —iT with T= N+1/2, 
N a positive integer > n tending to infinity. We deform the contour to the 
rectangle whose vertices are given by (C,—T), (T,—-T), (T,T), and (C,T). On 
the boundary of the rectangle, 1/ sin? rz is bounded and R(z) = O(1/T?). Thus 
we compute the contribution from the residues: for z = k, k a positive integer, 
we have 


(=) ~ (z aE -OW) 


and 
R(z) = R(k) + R'(k)(z — k) + O((z — k)”), 


rea (gz) nto) = 


from which the formula is easily deduced. Finally, using the method of steepest 
descent, Nesterenko shows that 


so that 


3/293/4 = 
T= (v2 - "(1 + 0()) 
n 
as n tends to infinity. From this fact, the irrationality of ¢(3) is easily deduced, 
as before. 
Yet a third proof by Beukers [19] uses the family of polynomials 


ia 
n! dx” 


P,(x) = x"(1— 2)” 
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which is easily seen to have integral coefficients. By straightforward integration, 
it is easy to see that for r > s, 


x" y*dxdy 
[ ie 1— ay 
is a rational number whose denominator is divisible by d? = [1,2,...,r]?. 
Similarly, 
x'y* log ry dxdy 
2, if 1— xy 


is a rational number whose denominator is divisible by d3. If r = s, then it is 


clear that 
xy" daxdy 1 i 
2 14 a 
[f+ 1 — wy =6@) ( 2? +) 


ft avy” log xy dady 1 1 
- =2(¢(3 1 pene ; 
1 ee nee) 


Indeed, considering the integral 


ye i al ttysttdady 
0 JO 1— xy 


and 


we see that it is 


ee! 3 1 1 
pas k+stt+1l k+rt+t+l1 


which telescopes to give the first part of the assertion fo r > s. If we differentiate 
with respect to t and set t = 0, we can deduce the second assertion. In case 
r = s, we put t = 0 to deduce the formula for ¢(2). If we differentiate with 
respect to ¢ and set t = 0, we deduce the formula involving ¢(3). Beukers then 


looks at the integral 
1 
log xy 
-f i Toy ne) Pay dandy 
— xy 


which by our observations above is 


(Cn + Dnt(3))d,? 


with C,,, Dy integers. Since 


ery. f dz 
l-azy Jp 1—-(l—ay)z’ 


Periods, Multiple Zeta Functions and ¢(3) 195 


the integral in question is 


(aay 


An n-fold integration by parts with respect to x gives that the integral is equal to 


i 


eo followed by an n-fold integration by 


parts with respect to y gives that the integral is equal to 


ph ft (eyw)" (= 2) = y= w)" 
[ [ i (1 — (1 — xy)w)?+1 dxdydw. 


It turns out that the integral is bounded by 
2(v2 — 1)4°¢(3). 
This can be deduced by noting that 


(zyw)(1 — x) — y) — w) 
(1— (1 — vy)w) 


is bounded by (/2 — 1)* in the given region. Since the integral is non-zero, this 
with the other estimates for d, gives the final result. 


A change of variable z = 


Picard—Fuchs Differential Equations 
and Modular Forms 


Suppose we consider differential equations of the type 
y) + ar(zjy?") +++ +an(z)y =0 


where the a; are rational functions over the field of complex numbers (say) 
and y is a function of z. We would like to know when the equation admits 
n independent algebraic solutions. The complex numbers for which at least 
one of the rational functions a; is not defined are called singular points of the 
differential equation and form a finite set S. At any non-singular point 20, 
we may find a basis for the solution space of the differential equation at zo. 
If we choose a closed path u beginning at zp contained in P\S and analytically 
continue these solutions along this path, we find that when we return to zo, we 
will have another basis of solutions. The change of basis matrix p(u) depends 
only on the homotopy class of wu and thus we may associate with each element 
of the fundamental group 71(P!\9, 20), an element of GL(n,C). This defines 
a representation of 71(P1\S, zo) and is called the monodromy representation 
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of the fundamental group. If we fix another non-singular point z1, then the 
monodromy representation is conjugate to the earlier one. Thus the image of 
the monodromy representation is well defined in GL(n,C) up to conjugacy and 
this we call the monodromy group of the differential equation. 

In relation to singular points, one needs to make a distinction between a 
regular singular point and an irregular singular point. Given our differential 
equation, we say that a complex number zo is a regular singular point (see [54], 
for instance) if 

lim (z — zo)*a;(z) 


Z>Zo 


exists for i = 1,2,...,n. The point oo is called a regular singularity if 


Jim (2 
exists and is finite fori = 1,2,...,n. The differential equation is called Fuchsian 
if every point of P! is either non-singular or regular singular. It turns out that all 
the solutions of a Fuchsian equation are algebraic if and only if the monodromy 
group is finite. 
It might be instructive to consider an example. Let us look at 
1 1 
2, At / 
Zz +-azy+-y=0. 

y 6 y 6! 
It is readily verified that z!/? and z!/3 are independent solutions of this equation. 
Observe that both solutions are algebraic. If we take the set of solutions 
{z!/2, 21/3) which constitutes a basis and analytically continue this pair of 
solutions around a closed path containing zero, we get another basis of solu- 
tions {—z!/?, e?7*/3z1/3). The change of basis matrix is represented by 


-1 0 
0 e27t/3 : 


In this way, it is not difficult to see that the monodromy group is generated by 
this matrix which has order 6 and thus finite. 
If we consider the equation 


zy" — zy+y=0 


then the two independent solutions are {z, zlog z}, where the second solution 
is not algebraic. It is not hard to see that the monodromy is generated by the 


matrix 
1 2071 
0 1 
which is infinite cyclic. 


An important class of Fuchsian equations is provided by the hypergeometric 
differential equation defined by 


2(z—1)y” + [(a+b+1)z—cly’ + aby = 0 
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where a,b,c are real. The Euler—Gauss hypergeometric function 


F (a,b,c; 2) := S- Oe 


n=0 


where (x), = x(a +1)---(a@ +n -— 1) is a solution. The points 0,1 and oo are 
regular singular points. In 1873, Schwarz determined the list of a,b, c for which 
the monodromy group is finite and this list is called Schwarz’s list. For instance, 
F(a,1,1;z) = (1 — z)~® is algebraic. The Chebyshev polynomials defined by 
Tn(cos z) = cosnz are given by 


F(—n,n, 1/2; (1 — z)/2). 


A similar formula exists for Legendre polynomials. 
In our context, the Apéry recurrence relation can be translated into a differ- 
ential equation. If we set 


iO => at 
n=0 


then, we find the recurrence is equivalent to 


(24 — 3423 4 2?)y” + (623 — 15327 + 3z)y" + (727 — 11224 1)y’ + (z —5)y = 0. 


It turns out that the solution space of this differential equation is spanned by 
the squares of a second-order equation which is 


1 
(t? — 34¢? + t)y” + (2t? — 51t + 1)y’ + qt — 10)y = 0. 


We will now indicate briefly the “modular proof” of Beukers [20]. He begins 
with an elementary observation. Suppose that 


fo(t), fit), felt) 


are power series in t with rational coefficients. Suppose further that the 
n-th coefficient has denominator dividing d”[1,2,...,n]" for some fixed d and r. 
Suppose that there are real numbers 6),...,6, such that 


fo(t) + 1 fit) +--+ + Ox felt) 


has radius of convergence p and that infinitely many of its Taylor coefficients 
are non-zero. If p > de”, then at least one of the @1,..., 6% is irrational. 
To prove this, write 


ho = oa”. 
n=0 
Let € > 0, and choose n large so that 


ladon + 9141n +°+++ Ox@kn| < (9 — €)~”. 
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If all the 0; are rational, let D be the common denominator. Then, 
Spy := Dd"[1,2,...,n]"|aon + O14in +--+: + dknIe| 
is an integer smaller than 
Dad" (1, 2,..,n]"(p-—6)~”. 


By the prime number theorem [1,2,...,n] < e+” for large n and so by the 
hypothesis, we see that S,, vanishes for n sufficiently large. 
With this general observation in mind, we consider the following. 


Proposition 28.1 [20] Let 


F(z) = » ang” 
n=1 


be such that 
F(-1/Nz) = w(-izVN)* F(z), 


where w = +1. Let 
= an on 
fa=>5 Rai 
n=1 
and let 
co An 
re, = ot 
on) ne 
n=1 
Finally, set 
(k—3)/2 
h(z)=f(2)- So L(k-r-1,F)(2niz)"/r'. 


r=0 


Then 
h(z) — D = (—1)*"!w(-izWN)*-?h(-1/N2). 


Here D=0 if k is odd and otherwise equal to 


—\K/q—1 L(k/2, F) 
) k/2-1 ? 
(2riz e/a 1) 
if k is even. Further, L(k/2,F) =0 ifw=-1. 


Proof. We apply a lemma of Hecke (as in [20]) to deduce that 


k—-2 
f(z) — w(-1)*§ 1 (-iz VN)? f(-1/Nz) = >> 


r=0 


L(k—r—1,F) 


(2riz)”. 
r} 
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Splitting the summation on the right-hand side into sums over r < k/2 —1, 
r >k/2—1 and possibly r = k/2 —1, and applying the functional equation 


L(k-—r—-1,F) 


r| 


poe Lr +1, F) 
(k-r—2)!? 


= w(-1)*(-iV NF? (—1/N)-?-? (2) 


we obtain the result. 


Note that the function f above is the Eichler integral associated with F’. We 
apply this theorem to the following: 


40F(z) = E(z) — 36E4(6z) — 28E4(2z) + 63E4(3z) 


and 
24E(z) = —5Fo(z) + 30F2(6z) + 2E2(2z) — 3E2(3z). 


Here £4 and £» are the usual Eisenstein series: 


Ea(z) = 1+ 240 S- o3(n)q”, ge", 


n=1 


Eo(z) =1-— 245 a1(n)q”, 
n=1 


where 


on(n) = yw. 


d|n 


For a quick introduction to the notions of modular forms relevant here, we 
suggest the masterly article of Zagier in [25]. Let [,(6) be the subgroup of the 
full modular group SL2(Z) defined by 


{( ; ) :a,b,c,d € Z,ad — bc = 1,a = d= 1(mod6), c= o(moas)}. 


One can show that F' is a modular form of weight 4 on | (6) and that 
F(-1/6z) = —362z4F(z) 
and Fico) = 0. Also E is a modular form of weight 2 on T'|(6) and 
E(—1/6z) = —6z”E(z). 
The Dirichlet series corresponding to L(s, F’) is 
6(1 — 67-§ — 7.2?-* + 7.37-*)¢(s)¢(s — 3). 


Define f(z) by 
(d/dz)° f(z) = (2m) F(z). 
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This is the Eichler integral associated with F. Further, f(too) = 0. An appli- 
cation of the proposition gives 


62°(F(-1/62) — L(3, F)) = ~(F(2) - L@, F)). 
Since ¢(0) = —1/2), we have 
L(3, F) = 6(-1/3)¢(3)¢(0) = ¢(3) 
and therefore 
627(f(—1/6z) — ¢(3)) = -(F(z) — ¢(8)). 
Multiplication by E(—1/6z) = —6z7E(z) gives 
E(—1/6z)(f(—1/6z) — ¢(3)) = E(z)(F(z) — ¢(3)). 


The field of modular functions for the group I',(6) is generated by 


z z ie 
aC) ie a 


where 


A(z) =a] [a-4@)™ 


is Ramanujan’s cusp form of weight 12 for the full modular group. From this, 
we see that 


q=t+12t? + 22225 4 


Also, 
E(z) =1+5q¢+139¢7 +--+: 
and hence 
E(t) =1+ 5¢ + 73¢? + 144563 + 
Similarly, 


E(t) f(t) = 6t + (351/4)t? + (62531/36)t?--- 


By construction, one notes that E(t) has integral coefficients and that 


co 
= y Ant” 
n=0 


has coefficients which are rational and a,,[1,2,...,n]° are integers. 

Here we are working with the power series E(t) f(t) and E(t). By appealing 
to the earlier observation of Beukers about power series with rational coefficients 
and exploiting the identity 


E(—1/6z)(f(—1/6z) — ¢(3)) = E(z)(F(z) — ¢(3)), 


we deduce the irrationality of ¢(3). 


ie 
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It is interesting to note that the coefficients of these two power series are 
precisely the Apéry numbers and the recurrence relations now become irrelevant. 
However, the recurrence relations can be derived from the following general 
principle of expressing modular forms as solutions of linear differential equations. 

If F(z) is a modular form of weight & and t(z) is a modular function, then 
F(t) (locally) satisfies a differential equation of order k + 1. This seems to 
be a “folklore” theorem. There is a memoir of Stiller [120] that discusses this 
theorem in some detail. We provide a short summary of the ideas involved. 

Suppose for the sake of simplicity, we have a modular form f of weight 2 for 
some subgroup I of S£2(Z). If we consider the three-dimensional vector space 
spanned by f(z), zf(z) and z?f(z), then it is easy to see that y € T acts on this 
vector space in the obvious way. For example, 


az+b 
cz+d 


Pe Co ( ) = (cz + d)? f(z) = 22 f(z) + 2edzf(2) + @F(2), 


and it is not difficult to see that 


BF) a2 2ab_séB 2? f(z) 
y:- | zf(z) =| ac ad+bc bd zf(z) 
f(z) € -2e 2 fz) 


If we denote the matrix on the right-hand side of the equation by 
M = Sym°(), 


then a direct verification shows that it is of determinant one. Writing F(z) = 
(27 f(z), zf(z), f(z)), the above formula reads as 


y.F(z) = MF(z). 


Now let us consider f as a function of t. Then, one verifies that 


by checking it for each of the entries, noting that ¢ is T-invariant. Further, the 
same is true for the higher t-derivatives. If we are trying to find the differential 
equation satisfied by three functions fe, fi, fo say, then we begin by assuming 
it is of the form 

y'” + aa(t)y” + ar(t)y’ + ao(t)y = 0. 


If we let fo(t) = f(t), fi(t) = tf(t), fo(t) = t? f(t) and would like to deter- 
mine the differential equation these functions satisfy, then by Cramer’s rule, we 
can write down ao(t), a1(t),a2(t) in the obvious way using determinants. For 
instance, one of the coefficients is given by the determinant 


fo fo fo" 
/ " m 
f 1 ak f 1 
/ " m 
fo fe fr 
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Thus we do obtain a differential equation of order 3. This differential equa- 
tion has coefficients in terms of our solutions fo, fi, fea. The action of y on 
them is the same as multiplying by the symmetric square matrix M of 7 having 
determinant one. Thus the coefficients are T-invariant meromorphic functions 
and therefore must be algebraic functions of t. Hence we are done. This equation 
is called the Picard—Fuchs differential equation associated with X (I). 

In our case, we take the weight 2 form 


n(22)'(3z)" 
n(z)?n(6z)° 
where 7 denotes the Dedekind 7-function. Then g is a modular form of weight 


2 for T,(6) and is equal to the function FE in Beukers’ proof. Again, let t be the 
function 


e - 1/2 oe) 
=(aeanan) ee ae 


g(z) = 


Treating g as a function of t, we can derive a third-order differential equation. 
From this differential equation, we can recover the recursion defining the integral 
Apéry numbers. The integrality is a consequence of the observation that both 
g(z) and t(z) have integral g-expansions and that t(z) is normalised (i.e. starts 
with q). 

On the other hand, the recursion and divisibility properties of the rational 
Apéry numbers are more involved as they are related to the function F' intro- 
duced before in Beukers’ proof. This function is defined as 


40 F(z) = E4(z) — 36E4(6z) — 28E4(2z) + 63E4(32), 


and which being a modular form of weight 4, satisfies a differential equation of 
order 5. 

However as suggested by Beukers himself, it is more convenient to work with 
the function fg where f is the Eichler integral associated with F’. Expressing 
fg as a function of t and working with the associated differential equation, we 
can recover the recurrence formula for the rational Apéry numbers as well as 
the divisibility properties enjoyed by their denominators. We recommend the 
article of Zagier in [25] for a more elaborate account. 

The theme of expressing modular forms as functions of modular functions 
and thereby realising them as solutions of linear differential equations of finite 
order constitutes a venerable theme. The imprints of this can be traced in the 
works of past masters like Gauss, Fricke, Klein, Poincare, Ramanujan, etc. As 
we have seen before, the fact that the C-algebra generated by the Eisenstein 
series Ea, E, and Eg is closed under differentiation constitutes an essential 
ingredient in the work of Nesterenko. 

Finally, it is not clear if any of these proofs of irrationality of ¢(3) can yield 
irrationality of other odd zeta values like that of ¢(5). However, we do have the 
following theorem of Rivoal [14, 105] which is the most general result in this 
context. 
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Theorem 28.2 Given any « > 0, there exists an integer N = N(e) such that 
for alln > N, the dimension of the Q-vector space generated by the numbers 


1, ¢(3),...,¢(2n—1), ¢(2n+ 1) 


exceeds 
l-—e 


——~ log n. 
1+ log2 ca 


In particular, Rivoal proved that infinitely many odd zeta values are irra- 
tional. Concerning the individual odd zeta values, Rivoal [106] himself showed 
that at least one of the nine numbers 


6(5), (7), «+. .¢(21) 


is irrational. This was sharpened by Zudilin [137] who showed that at least one 
among the four numbers 


6(5), (7), ¢(9), ¢C11) 


is irrational. Thus the irrationality, let alone transcendence, of odd zeta values 
seems to be a very hard question. 

Finally, in this mysterious modular-transcendence conundrom, one can ask 
about nature of the values taken by the L-functions associated with modular 
forms. Indeed, Kohnen [71] (see also [60, 72]) has made general conjectures 
regarding special values of [-series attached to modular forms of weight 2h for 
the full modular group. These conjectures when applied to classical Eisenstein 
series imply the transcendence of ¢(2k + 1)/7?**+ for all k > 1. But this is a 
different journey which we do not undertake here. 


Bibliography 


10 


11 


12 


[13 


W.W. Adams, On the algebraic independence of certain Liouville num- 
bers. J. Pure Appl. Algebra 13(1), 41-47 (1978) 


S.D. Adhikari, N. Saradha, T.N. Shorey, R. Tijdeman, Transcendental 
infinite sums. Indag. Math. (N.S.) 12(1), 1-14 (2001) 


R. Apéry, Irrationalité de ¢(2) et ¢(3). Astérisque 61, 11-13 (1979) 


T. Apostol, Introduction to Analytic Number Theory. Undergraduate 
Texts in Mathematics (Springer, Berlin, 1976) 


J. Ax, On the units of an algebraic number field. Ill. J. Math. 9, 584-589 
(1965) 


J. Ax, On Schanuel’s conjectures. Ann. Math. 93(2), 252-268 (1971) 


J. Ayoub, Une version relative de la conjecture des périodes de 
Kontsevich—Zagier. Ann. Math. (to appear) 


A. Baker, Linear forms in the logarithms of algebraic numbers. Mathe- 
matika 13, 204-216 (1966) 


A. Baker, Transcendental Number Theory (Cambridge University Press, 
Cambridge, 1975) 


A. Baker, B. Birch, E. Wirsing, On a problem of Chowla. J. Number 
Theory 5, 224-236 (1973) 


A. Baker, G. Wiistholz, Logarithmic forms and group varieties. J. Reine 
Angew. Math. 442, 19-62 (1993) 


A. Baker, G. Wiistholz, Logarithmic Forms and Diophantine Geometry. 
New Mathematical Monographs (Cambridge University Press, Cambridge, 
2007) 


R. Balasubramanian, $. Gun, On zeros of quasi-modular forms. J. Number 
Theory 132(10), 2228-2241 (2012) 


M.R. Murty and P. Rath, Transcendental Numbers, DOI 10.1007/978-1-4939-0832-5, 205 
© Springer Science+Business Media New York 2014 


206 


14 


15 


16 


17 


18 


19 


20 


21 
22 


23 


24 


25 


26 


27 


28 


29 


30 


Bibliography 


K. Ball, T. Rivoal, Irrationalité dune infinité de valeurs de la fonction zeta 
aux entiers impairs. Invent. Math. 146(1), 193-207 (2001) 


K. Barré-Sirieix, G. Diaz, F. Gramain, G. Philibert, Une preuve de la 
conjecture de Mahler-Manin. Invent. Math. 124, 1-9 (1996) 


C. Bertolin, Périodes de 1-motifs et transcendence. J. Number Theory 
97(2), 204-221 (2002) 


D. Bertrand, Séries d’Eisenstein et transcendance. Bull. Soc. Math. France 
104(3), 309-321 (1976) 


D. Bertrand, D. Masser, Linear forms in elliptic integrals. Invent. Math. 
58, 283-288 (1980) 


F. Beukers, A note on the irrationality of ¢(2) and ¢(3). Bull. Lond. Math. 
Soc. 11, 268-272 (1979) 


F. Beukers, Irrationality proofs using modular forms. Astérisque 147/148, 
271-283 (1987) 


F. Brown, Mixed Tate motives over Z. Ann. Math. 175(2), 949-976 (2012) 


W.D. Brownawell, The algebraic independence of certain numbers related 
by the exponential function. J. Number Theory 6, 22-31 (1974) 


W.D. Brownawell, K.K. Kubota, The algebraic independence of Weier- 
strass functions and some related numbers. Acta Arith. 33(2), 111-149 
(1977) 


A. Brumer, On the units of algebraic number fields. Mathematika 14, 
121-124 (1967) 


J. Bruinier, G. van der Geer, G. Harder, D. Zagier, The 1-2-8 of Modular 
Forms. Universitext (Springer, Berlin, 2008) 


P. Bundschuh, Zwei Bemerkungen iiber transzendente Zahlen. Monatsh. 
Math. 88(4), 293-304 (1979) 


P. Cartier, Fonctions polylogarithmes, nombres polyzetds et groupes pro- 
unipotents, in Séminaire Bourbaki, vol. 2000/2001, Astérisque No. 282, 
Exp. No. 885 (2002), pp. 137-173 


K. Chandrasekharan, Elliptic Functions. Grundlehren der Mathematis- 
chen Wissenschaften, vol. 281 (Springer, Berlin, 1985) 


S. Chowla, A special infinite series. Norske Vid. Selsk. Forth. (Trondheim) 
37, 85-87 (1964) (see also Collected Papers, vol. 3, pp. 1048-1050) 


5. Chowla, A. Selberg, On Epstein’s zeta-function. J. Reine Angew. Math. 
227, 86-110 (1967) 


Bibliography 207 


[31] S. Chowla, The nonexistence of nontrivial linear relations between roots 


[32 


[33 


34 


35 


36 
37 


38 


39 


40 


Al 


42 


43 


44 


[45 


[46 


of a certain irreducible equation. J. Number Theory 2, 120-123 (1970) 


G.V. Chudnovsky, Algebraic independence of constants connected with 
the exponential and the elliptic functions. Dokl. Akad. Nauk Ukrain. SSR 
Ser. A 8, 698-701 (1976) 


G.V. Chudnovsky, Contributions to the Theory of Transcendental Num- 
bers. Mathematical Surveys and Monographs, vol. 19 (American Mathe- 
matical Society, Providence, 1974) 


R.F. Coleman, On a stronger version of the Schanuel—Ax theorem. Am. 
J. Math. 102(4), 595-624 (1980) 


P. Colmez, Résidu en s=1 des fonctions zeta p-adiques. Invent. Math. 
91(2), 371-389 (1988) 


D. Cox, Primes of the Form x? + ny? (Wiley, New York, 1989) 


H. Davenport, Multiplicative Number Theory, vol. 74, 2nd edn. (Springer, 
New York, 1980) 


P. Deligne, Valeurs de fonctions LD et periodes d’integrales. Proc. Symp. 
Pure Math. 33(2), 313-346 (1979) 


P. Deligne, J.S. Milne, A. Ogus, K. Shih, Hodge Cycles, Motives, and 
Shimura Varieties. Lecture Notes in Mathematics, vol. 900 (Springer, 
Berlin, 1982) 


P. Deligne, A. Goncharov, Groupes fondamentaux monitrices de Tate 
mixte. Ann. Sci. Ec. Norm. Sup. 38(4), 1-56 (2005) 


P. Deligne, Multizétas, d’aprés Francis Brown, in Séminaire Bourbaki, 
Exp. 1048 (2011-2012) 


F. Diamond, J. Shurman, A First Course in Modular Forms. Graduate 
Texts in Mathematics, vol. 228 (Springer, New York, 2005) 


G. Diaz, Grands degrés de transcendance pour des _ familles 
d’exponentielles. C.R. Acad. Sci. Paris. Sér. I Math. 305(5), 159-162 
(1987) 


G. Diaz, La conjecture des quatre exponentielles et les conjectures de 
D. Bertrand sur la fonction modulaire. J. Théor. Nombres Bord. 9(1), 
229-245 (1997) 


A. El Basraoui, A. Sebbar, Zeros of the Eisenstein series Ez. Proc. Am. 
Math. Soc. 138(7), 2289-2299 (2010) 


E. Freitag, R. Busam, Complex Analysis. Universitext (Springer, Berlin, 
2009) 


208 


AT 


48 


49 


50 


51 


52 


53 


54 


59 


56 


57 


58 


59 


60 


61 


62 


Bibliography 


A.O. Gel’fond, Sur le septiéme probleme de Hilbert. Izv. Akad. Nauk. 
SSSR 7, 623-630 (1934) 


A.O. Gel’fond, On algebraic independence of algebraic powers of algebraic 
numbers. Dokl. Akad. Nauk. SSSR 64, 277-280 (1949) 


A. Ghosh, P. Sarnak, Real zeros of holomorphic Hecke cusp forms. J. Eur. 
Math. Soc. 14(2), 465-487 (2012) 


D. Goldfeld, The class number of quadratic fields and the conjectures of 
Birch and Swinnerton-Dyer. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 3(4), 
624-663 (1976) 


D. Goldfeld, The conjectures of Birch and Swinnerton-Dyer and the class 
numbers of quadratic fields. Astérisque 41-42, 219-227 (1977) 


D. Goldfeld, Gauss’s class number problem for imaginary quadratic fields. 
Bull. Am. Math. Soc. (N.S.) 13(1), 23-37 (1985) 


P. Grinspan, Measures of simultaneous approximation for quasi-periods 
of abelian varieties. J. Number Theory 94(1), 136-176 (2002) 


P.A. Griffiths, Periods of integrals on algebraic manifolds: summary of 
main results and discussion of open problems. Bull. Am. Math. Soc. 76, 
228-296 (1970) 


B.H. Gross, On an identity of Chowla and Selberg. J. Number Theory 11, 
344-348 (1979) 


B. Gross, D. Zagier, Heegner points and derivatives of L-series. Invent. 
Math. 84(2), 225-320 (1986) 


S. Gun, Transcendental zeros of certain modular forms. Int. J. Number 
Theory 2(4), 549-553 (2006) 


S. Gun, M. Ram Murty, P. Rath, Transcendental nature of special values 
of L-functions. Can. J. Math. 63, 136-152 (2011) 


S. Gun, M. Ram Murty, P. Rath, Algebraic independence of values of 
modular forms. Int. J. Number Theory 7(4), 1065-1074 (2011) 


S. Gun, M. Ram Murty, P. Rath, Transcendental values of certain Eichler 
integrals. Bull. Lond. Math. Soc. 43(5), 939-952 (2011) 


S. Gun, M. Ram Murty, P. Rath, On a conjecture of Chowla and Milnor. 
Can. J. Math. 63(6), 1328-1344 (2011) 


S. Gun, M. Ram Murty, P. Rath, A note on special values of L-functions. 
Proc. Am. Math. Soc. 142(4), 1147-1156 (2014) 


Bibliography 209 


[63] 


64 


65 


66 


67 


68 


69 


70 


71 


[72| 


73 


74 


79 


(76 


(77 


S. Gun, M. Ram Murty, P. Rath, Linear independence of Hurwitz zeta 
values and a theorem of Baker-Birch-Wirsing over number fields. Acta 
Arith. 155(3), 297-309 (2012) 


R.C. Gunning, H. Rossi, Analytic Functions of Several Complex Variables 
(AMS Chelsea, Providence, 2009) 


R. Holowinsky, Sieving for mass equidistribution. Ann. Math. 172(2), 
1499-1516 (2010) 


R. Holowinsky, K. Soundararajan, Mass equidistribution for Hecke eigen- 
forms. Ann. Math. 172(2), 1517-1528 (2010) 


D. Husemoller, Elliptic Curves. Graduate Texts in Mathematics, vol. 111 
(Springer, Berlin, 2004) 


Y. Ihara, V. Kumar Murty, M. Shimura, On the logarithmic derivatives 
of Dirichlet L-functions at s = 1. Acta Arith. 137(3), 253-276 (2009) 


N. Kanou, Transcendency of zeros of Eisenstein series. Proc. Jpn. Acad. 
Ser. A Math. Sci. 76(5), 51-54 (2000) 


N. Koblitz, Introduction to Elliptic Curves and Modular Forms. Graduate 
Texts in Mathematics, vol. 97 (Springer, Berlin, 1993) 


W. Kohnen, Transcendence conjectures about periods of modular forms 
and rational structures on spaces of modular forms. Proc. Indian Acad. 
Sci. (Math. Sci.) 99(3), 231-233 (1989) 


W. Kohnen, D. Zagier, Modular forms with rational periods, in Modular 
Forms, ed. by R. Rankin. Ellis Horwood Series in Mathematics and Its 
Applications. Statistics and Operational Research (Horwood, Chichester, 
1984), pp. 197-249 


W. Kohnen, Transcendence of zeros of Eisenstein series and other modular 
functions. Comment. Math. Univ. St. Pauli 52(1), 55-57 (2003) 


M. Kontsevich, D. Zagier, Periods, in Mathematics Unlimited-2001 and 
Beyond (Springer, Berlin, 2001), pp. 771-808 


S. Lang, With appendixes by D. Zagier and Walter Feit, in Introduction 
to Modular Forms, vol. 222 (Springer, Berlin, 1976) (Corrected reprint of 
the 1976 original) 


S. Lang, Algebraic Number Theory. Graduate Texts in Mathematics, vol. 
110 (Springer, Berlin, 2000) 


S. Lang, Elliptic Functions. Graduate Texts in Mathematics, vol. 112, 2nd 
edn. (Springer, Berlin, 1987) 


210 


78 


79 


80 


81 


82 


83 


84 


85 


86 


[87 


[88 
[89 


(90 


[91 


(92 


(93 


] 


Bibliography 


S. Lang, Algebraic values of Meromorphic functions I. Topology 3, 
183-191 (1965) 


S. Lang, Introduction to Transcendental Numbers. (Addison-Wesley, Read- 
ing, 1966) 


F. Lindemann, Uber die zahl 7, Math. Annalen, 20, 213-225 (1882) 


K. Mahler, Remarks on a paper by W. Schwarz. J. Number Theory 1, 
512-521 (1969) 


Y. Manin, Cyclotomic fields and modular curves. Russ. Math. Surv. 26(6), 
7-78 (1971) 


D. Masser, Elliptic Functions and Transcendence. Lecture Notes in Math- 
ematics, vol. 437 (Springer, Berlin, 1975) 


Y.V. Nesterenko, Modular functions and transcendence. Math. Sb. 
187(9), 65-96 (1996) 


Y.V. Nesterenko, Some remarks on ¢(3). Math. Notes 59, 625-636 (1996) 


Y.V. Nesterenko, P. Philippon (eds.), Introduction to Algebraic Indepen- 
dence Theory. Lecture Notes in Mathematics, vol. 1752 (Springer, Berlin, 
2001) 


Y.V. Nesterenko, Algebraic independence for values of Ramanujan func- 
tions, in Introduction to Algebraic Independence Theory, ed. by Y.V. 
Nesterenko, P. Philippon. Lecture Notes in Mathematics, vol. 1752 
(Springer, 2001), pp. 27-46 


J. Neukirch, Algebraic Number Theory, vol. 322 (Springer, Berlin, 1999) 


J. Neukirch, A. Schmidt, K. Winberg, Cohomology of Number Fields 
(Springer, Berlin, 2000) 


J. Oesterlé, Nombres de classes des corps quadratiques imaginaires, 
in Seminar Bourbaki, vol. 1983/84, Astérisque No. 121-122 (1985), 
pp. 309-323 


P. Philippon, Variétés abéliennes et indépendance algébrique. II. Un 
analogue abélien du théoréme de Lindemann-Weierstrass. Invent. Math. 
72(3), 389-405 (1983) 


P. Philippon, Criteres pour l’independance algébrique. Inst. Hautes 
Etudes Sci. Publ. Math. 64, 5-52 (1986) 


G. Prasad, A. Rapinchuk, Weakly commensurable arithmetic groups and 
isospectral locally symmetric spaces. Inst. Hautes Etudes Sci. Publ. Math. 
109, 113-184 (2009) 


Bibliography 211 


94 


95 


96 


97 


98 


99 


100 


101 


102 


103 


104 


105 


106 


107 


108 


109 


110 


M. Ram Murty, Problems in Analytic Number Theory. Graduate Texts 
in Mathematics, Readings in Mathematics, vol. 206, 2nd edn. (Springer, 
New York, 2008) 


M. Ram Murty, An introduction to Artin Z-functions. J. Ramanujan 
Math. Soc. 16(3), 261-307 (2001) 


M. Ram Murty, V. Kumar Murty, Transcendental values of class group 
L-functions. Math. Ann. 351(4), 835-855 (2011) 


M. Ram Murty, V. Kumar Murty, A problem of Chowla revisited. J. Num- 
ber Theory 131(9), 1723-1733 (2011) 


M. Ram Murty, V. Kumar Murty, Transcendental values of class group 
L-functions-II. Proc. Am. Math. Soc. 140(9), 3041-3047 (2012) 


M. Ram Murty, N. Saradha, Transcendental values of the digamma func- 
tion. J. Number Theory 125(2), 298-318 (2007) 


M. Ram Murty, C.J. Weatherby, On the transcendence of certain infinite 
series. Int. J. Number Theory 7(2), 323-339 (2011) 


M. Ram Murty, Some remarks on a problem of Chowla. Ann. Sci. Math. 
Qué. 35(2), 229-237 (2011) 


K. Ramachandra, Some applications of Kronecker’s limit formulas. Ann. 
Math. 80(2), 104-148 (1964) 


kK. Ramachandra, On the units of cyclotomic fields. Acta Arith. 12, 
165-173 (1966/1967) 


F.K.C. Rankin, H.P.F. Swinnerton-Dyer, On the zeros of Eisenstein series. 
Bull. Lond. Math. Soc. 2, 169-170 (1970) 


T. Rivoal, La fonction zeta de Riemann prend une infinité de valeurs 
irrationnelles aux entiers impairs. C. R. Acad. Sci. Paris Sér. I Math. 
331(4), 267-270 (2000) 


T. Rivoal, Irrationalité d’au moins un des neuf nombres 
¢(5),¢(7),--- ,¢(21). Acta Arith. 103(2), 157-167 (2002) 


D. Roy, An arithmetic criterion for the values of the exponential function. 
Acta Arith. 97(2), 183-194 (2001) 


Z. Rudnick, On the asymptotic distribution of zeros of modular forms. 
Int. Math. Res. Notes 34, 2059-2074 (2005) 


J.-P. Serre, A Course in Arithmetic, vol. 7 (Springer, Berlin, 1973) 


T. Schneider, Arithmetische Untersuchungen elliptischer Integrale. Math. 
Ann. 113(1), 1-13 (1937) 


212 


111 


112 


113 


114 


115 


116 


117 


118 


119 


120 


121 


122 


123 


124 


125 


126 


127 


Bibliography 


E. Scourfield, On ideals free of large prime factors. J. Théor. Nombres 
Bord. 16(3), 733-772 (2004) 


G. Shimura, An Introduction to the Arithmetic Theory of Automorphic 
Functions (Princeton University Press, Princeton, 1994) 


C.L. Siegel, Advanced Analytic Number Theory. Tata Institute of Funda- 
mental Research Studies in Mathematics, vol. 9, 2nd edn. (Tata Institute 
of Fundamental Research, Bombay, 1980) 


J. Silverman, The Arithmetic of Elliptic Curves. Graduate Texts in Math- 
ematics, vol. 106, 2nd edn. (Springer, New York, 1986) 


J. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves. Grad- 
uate Texts in Mathematics, vol. 151 (Springer, New York, 1994) 


H.M. Stark, On complex quadratic fields with class number equal to one. 
Trans. Am. Math. Soc. 122, 112-119 (1966) 


H.M. Stark, A complete determination of the complex quadratic fields of 
class-number one. Mich. Math. J. 14, 1-27 (1967) 


H.M. Stark, L-functions at s = 1. Il. Artin L-functions with rational 
characters. Adv. Math. 17(1), 60-92 (1975) 


K. Soundararajan, Quantum unique ergodicity for SL2(Z)\H. Ann. Math. 
172(2), 1529-1538 (2010) 


P. Stiller, Special values of Dirichlet series, monodromy and the periods 
of automorphic forms. Mem. Am. Math. Soc. 49(299) (1984) 


T. Terasoma, Mixed Tate motives and multiple zeta values. Invent. Math. 
149(2), 339-369 (2002) 


A. Van der Poorten, On the arithmetic nature of definite integrals of 
rational functions. Proc. Am. Math. Soc. 29, 451-456 (1971) 


A. Van der Poorten, A proof that Euler missed ... Apéry’s proof of the 
irrationality of ¢(3). Math. Intell. 1(4), 195-203 (1978/1979) 


K.G. Vasilev, On the algebraic independence of the periods of abelian 
integrals. Mat. Zametki 60(5), 681-691 (1996) 


M. Waldschmidt, Diophantine Approximation on Linear Algebraic 
Groups, vol. 326 (Springer, Berlin, 2000) 


M. Waldschmidt, Transcendence of periods: the state of the art. Pure 
Appl. Math. Q. 2(2), 435-463 (2006) 


M. Waldschmidt, Elliptic functions and transcendence, in Surveys in 
Number Theory. Developments in Mathematics, vol. 17 (Springer, 2008), 
pp. 143-188 


Bibliography 213 


128 


129 


130 


131 


132 


133 


134 


135 


136 


137 


M. Waldschmidt, Solution du huitieéme probleme de Schneider. J. Number 
Theory 5, 191-202 (1973) 


M. Waldschmidt, Transcendance et exponentielles en plusieurs variables. 
Invent. Math. 63(1), 97-127 (1981) 


L. Washington, Introduction to Cyclotomic Fields, vol. 83 (Springer, 
Berlin, 1997) 


A. Weil, Elliptic Functions According to Eisenstein and Kronecker 
(Springer, Berlin, 1999) 


E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, 4th edn. 
(Cambridge University Press, Cambridge, 1927) 


G. Wiistholz, Uber das Abelsche Analogon des Lindemannschen Satzes. 
Invent. Math. 72(3), 363-388 (1983) 


D. Zagier, Values of zeta functions and their applications, in First Euro- 
pean Congress of Mathematics, vol. 2 (1992), pp. 497-512 


D. Zagier, Evaluation of the multiple zeta values ¢(2,--- ,2,3,2,--- ,2). 
Ann. Math. 175(2), 977-1000 (2012) 


B. Zilber, Exponential sums equations and the Schanuel conjecture. 
J. Lond. Math. Soc. 2 65(1), 27-44 (2002) 


V.V. Zudilin, One of the numbers ¢(5), ¢(7), ¢(9), ¢(11) is irrational. Us- 
pekhi Mat. Nauk 56(4(340)), 149-150 (2001) (translation in Russ. Math. 
Surv. 56(4), 774-776, 2001) 


Index 


Artin L-function, 116 
Ax, J., 119 
Ayoub, J, 187 


Baker period, 113 

Baker’s theorem, 95, 101, 103, 114, 
129, 133, 154 

Baker, A., 95, 103, 105, 123 

Bernoulli numbers, 68 

Bertrand, D., 84, 95 

binary quadratic forms, 106 

Birch and Swinnerton-Dyer conjec- 


ture, 123 
Birch, B., 123 
Brown, F., 188 


Brownawell, W.D, 119 
Bundschuh, P., 150 


Chowla, S., 123, 155 

Chowla-Selberg formula, 81, 169 

Chudnovsky’s theorem, 182 

Chudnovsky, G., 138, 180 

class group L-functions, 159 

class number, 108 

class number formula, 116 

class number one, 105 

CM points, 74, 182 

Colmez, P., 116 

complete elliptic integral of the first 
kind, 81 

complete elliptic integral of the second 
kind, 81 

complex multiplication, 87 

conjugate fields, 15 

constructible number, 13 

cotangent expansion, 68 


M.R. Murty and P. Rath, Transcendental Numbers, DOI 10.1007/978-1-4939-0832-5, 


Dedekind determinant, 131 
Dedekind zeta function, 115 

Deligne, P., 188 

derivation, 31 

Diaz, F., 138 

Dirichlet D-functions, 153 

Dirichlet series, 104, 123 

Dirichlet’s class number formula, 107 
division points, 52 


Eisenstein series, 39, 80, 83, 182 
ellipse, 61 

elliptic curves, 42 

elliptic functions, 39, 49 

elliptic integral of the first kind, 81 
elliptic integral of the second kind, 81 
elliptic integrals, 59, 79, 89 

estimates for derivatives, 31 

Euler’s constant, 167 

Euler, L., 68 


Feldman, N.I., 103 

four exponentials conjecture, 28 
fundamental domain, 39, 67, 182 
fundamental parallelogram, 39 
fundamental theorem of algebra, 20 
fundamental unit, 107 


Gamma function, 114 
Gauss, C.F., 14 
Gelfond’s conjecture, 138 
Gelfond, A.O., 35, 138 


Gelfond—Schneider conjecture, 138, 
142 

Gelfond-Schneider theorem, 37, 95, 
102 

215 


© Springer Science+Business Media New York 2014 


216 


Genus character, 166 
Goldfeld, D., 105, 108 
Goncharov, A., 188 
Grinspan, P., 170 
Gross, B.H., 108 
Grothendieck, A., 173 
Gun, S., 181 


Hadamard factorization, 124 
height of an algebraic number, 24 
Hermite’s theorem, 7, 16 

Hermite, C., 7 
Hermite—Lindemann theorem, 37, 89 
Hilbert’s seventh problem, 35, 138 
Hoffman, M., 188 

Holowinsky, R., 182 

homothety, 72 

Hurwitz zeta function, 124 
Hurwitz, A., 124 

hyperbolic measure, 182 
hyperbolic triangle group, 93 
hypergeometric series, 89 


ideal classes, 106 
Thara, Y., 173, 176 
isogeny, 72 


j-function, 75, 180 
Jensen’s inequality, 21 


Kohnen, W., 181 

Kontsevich, M., 114 
Kronecker’s limit formula, 106 
Kubota, K. K, 119 


Lang, S., 35, 96 
lattice of periods, 39 
Legendre normal form, 90 
Legendre relation, 55 
Lehmer’s conjecture, 71 
Leopoldt’s conjecture, 116 
Lindemann’s theorem, 11 
Lindemann, F., 11, 15 
Lindemann-—Weierstrass theorem, 15, 
95, 101, 111, 144 
linear forms in logarithms, 103 
Liouville’s theorem, 22, 42 


Index 


Mahler—Manin conjecture, 180 
Masser, D., 95 

Minkowski unit, 117 

modular forms, 106, 179 
modular function, 65 

modular invariant, 65 
Mordell—Weil rank, 108 
Murty, K., 173, 176 

Murty, M.R., 137 


Nesterenko’s conjecture, 183 
Nesterenko’s theorem, 85, 150, 180 
Nesterenko, Yu., 84, 112, 179 
Norm, 27 


order, 74 
order of an entire function, 22 


Parseval’s formula, 20 

period lattice, 39, 71 

periods, 55 

Periods (Kontsevich—Zagier), 114 
periods of elliptic curve, 51 
Philippon, P., 138 

Picard group, 77 
Pisot-Vijayaraghavan Number, 26 
primitive element, 15 


quasi-modular forms, 183 
quasi-periods, 44, 55 


Ramachandra, K., 153, 156 
Ramanujan’s cusp form, 181 
Ramanujan, S., 84 
regulator, 116 

Riemann ¢-function, 68 
Riemann sphere, 71 

Roy, D., 119 


Schanuel’s conjecture, 17, 111, 114, 
163 

Schanuel, S., 17, 111 

Schneider’s conjecture, 138 

Schneider’s theorem, 80 

Schneider, T., 35, 76, 138, 179 

Schneider—Lang theorem, 35, 50, 62, 
83, 96 


Index 


Schwarz’s lemma, 20 Vasilév, K. G., 170 

Scourfield, E., 175 

Shimura, M., 173, 176 Waldschmidt, M., 96, 116 
Siegel’s lemma, 23, 26, 28 Weak Schanuel’s conjecture, 111 
Siegel, C.L., 23 Weatherby, C., 137 

six exponentials theorem, 27 Weierstrass o-function, 43 
Soundararajan, K., 182 Weierstrass ¢o-function, 39, 49, 86, 
Stark’s conjecture, 117 87 

Stark, H.M., 105 Weierstrass ¢-function, 43, 88 
strict order, 35 Weierstrass, K., 15 

structural rank, 120 Wirsing, E., 123 


Wustholz, G., 103 
uniformization theorem, 65 
unit group, 116 Zagier, D., 108, 114 


A Math Book 
9 wGLul 9 Gland aslazwl osl~A Math Book JLIS 
jLaail 9 pcks 9 So}.9 9 nobly SIDES jl Obge tile 
g WlaiSUc and arlarwl cagrlab).cowlgil 
g ddd pai GLiylag)S 99 1) JLIS Si Oboeisils 
pIUI ¢ Sorc pILI SLB LS 145 9519799 Ly JLIS SLES 
Aw GD + SIacl a.)bi 9 hlixe Gigi « awuds nob, 
pe 1 GLLOS > 5855 Yaul)S Sry IS GLoby « Alario 
sLyodl SIE LS + nob) Gojgel « 5) a> + nbs pos 
9 Sy138 aS 9 SyI8i joy S459 SlOsL I noly 
9 9155 a, 5 9 Jasuil ass SUsle0 9 aid SLL, 
9 SuilSospgiiloS S45.99 Jloimlg ylolg GLa, yl 
BaD So 59s Lowy S2j9 9 HII > SH}.9 9 SGliwl 
JL 2000 51 dae L peeriowes 9 eSjlol 5.5299 cs 
S459 9 nob, SLES 
https://telegram.me/AMathbook 


Telegram 

A Math Book 

Channel math and physics 
books 


